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the common theme that links the functions of this chapter is that they occur as pairs of 
inverse functions. In particular, two of the most important functions that occur in mathematics 
and its applications are the exponential function f sxd − b x and its inverse function, the logarith-
mic function tsxd − logb x. In this chapter we investigate their properties, compute their deriva-
tives, and use them to describe exponential growth and decay in biology, physics, chemistry, and 
other sciences. We also study the inverses of trigonometric and hyperbolic functions. Finally, 
we look at a method (l’Hospital’s Rule) for computing difficult limits and apply it to sketching 
curves.

There are two possible ways of defining the exponential and logarithmic functions and devel-
oping their properties and derivatives. One is to start with the exponential function (defined as in 
algebra or precalculus courses) and then define the logarithm as its inverse. That is the approach 
taken in Sections 6.2, 6.3, and 6.4 and is probably the most intuitive method. The other way is 
to start by defining the logarithm as an integral and then define the exponential function as its 
inverse. This approach is followed in Sections 6.2*, 6.3*, and 6.4* and, although it is less intui-
tive, many instructors prefer it because it is more rigorous and the properties follow more easily. 
You need only read one of these two approaches (whichever your instructor recommends).

Inverse Functions
Exponential, Logarithmic, and  
Inverse Trigonometric Functions

When we view the world 
around us, the light entering 

the eye near the center of the 
pupil is perceived brighter 

than light entering closer to 
the edges of the pupil. This 

phenomenon, known as 
the Stiles–Crawford effect, is 

explored as the pupil changes 
in radius in Exercise 90  

on page 501. 
© Tatiana Makotra / Shutterstock.com

40621_ch06_ptg1_hr_399-409.indd   399 4/13/15   2:49 PM

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



400	 Chapter 6    Inverse Functions

Table 1 gives data from an experiment in which a bacteria culture started with 100 bac-
teria in a limited nutrient medium; the size of the bacteria population was recorded at 
hourly intervals. The number of bacteria N is a function of the time t: N − f std.

Suppose, however, that the biologist changes her point of view and becomes inter-
ested in the time required for the population to reach various levels. In other words, she is 
thinking of t as a function of N. This function is called the inverse function of f, denoted 
by f 21, and read “ f  inverse.” Thus t − f 21sNd is the time required for the population 
level to reach N. The values of f 21 can be found by reading Table 1 from right to left or 
by consulting Table 2. For instance, f 21s550d − 6 because f s6d − 550.

t 
(hours)

 N − f std
 − population at time t

0 100
1 168
2 259
3 358
4 445
5 509
6 550
7 573
8 586

Table 1�  N as a function of t

  

N
 t − f 21 sNd
 − time to reach N bacteria

100 0
168 1
259 2
358 3
445 4
509 5
550 6
573 7
586 8

Table 2�  t as a function of N

Not all functions possess inverses. Let’s compare the functions f  and t whose arrow  
diagrams are shown in Figure 1. Note that f  never takes on the same value twice (any two 
inputs in A have different outputs), whereas t does take on the same value twice (both 2  
and 3 have the same output, 4). In symbols,

ts2d − ts3d

but	 f sx1 d ± f sx 2 d        whenever x1 ± x 2

Functions that share this property with f  are called one-to-one functions.

1 �  Definition  A function f  is called a one-to-one function if it never takes on 
the same value twice; that is,

f sx1 d ± f sx2 d        whenever x1 ± x2

In the language of inputs and outputs, 
this definition says that f  is one-to-one 
if each output corresponds to only one 
input.

If a horizontal line intersects the graph of f  in more than one point, then we see from 
Figure 2 that there are numbers x1 and x2 such that f sx1 d − f sx2 d. This means that f  
is not one-to-one. Therefore we have the following geometric method for determining 
whether a function is one-to-one.

�Horizontal Line Test � A function is one-to-one if and only if no horizontal line 
intersects its graph more than once.

4

3

2

1

10

4

2
g

4

3

2

1

10

7

4

2
f

FIGURE 1 �  
f  is one-to-one; t is not.

0

‡fl

y=ƒ

y

x⁄ ¤

FIGURE 2 �  
This function is not one-to-one  
because f sx1d − f sx2d.
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	 Section  6.1    Inverse Functions	 401

Example �1�  Is the function f sxd − x 3 one-to-one?

SOLUTION 1 � If x1 ± x 2, then x 3
1 ± x 3

2  (two different numbers can’t have the same 
cube). Therefore, by Definition 1, f sxd − x 3 is one-to-one.

SOLUTION 2 � From Figure 3 we see that no horizontal line intersects the graph of 
f sxd − x 3 more than once. Therefore, by the Horizontal Line Test, f  is one-to-one.	 ■

Example �2�  Is the function tsxd − x 2 one-to-one?

SOLUTION 1 � This function is not one-to-one because, for instance,

ts1d − 1 − ts21d

and so 1 and 21 have the same output.

SOLUTION 2�  From Figure 4 we see that there are horizontal lines that intersect the graph 
of t more than once. Therefore, by the Horizontal Line Test, t is not one-to-one.	 ■

One-to-one functions are important because they are precisely the functions that pos-
sess inverse functions according to the following definition.

2 �  Definition � Let f  be a one-to-one function with domain A and range B. Then 
its inverse function f 21 has domain B and range A and is defined by

f 21syd − x    &?    f sxd − y

for any y in B.

This definition says that if f  maps x into y, then f 21 maps y back into x. (If f  were 
not one-to-one, then f 21 would not be uniquely defined.) The arrow diagram in Figure 5 
indicates that f 21 reverses the effect of f. Note that

 domain of f 21 − range of f

 range of f 21 − domain of f

For example, the inverse function of f sxd − x 3 is f 21sxd − x 1y3 because if y − x 3, 
 then

f 21syd − f 21sx 3 d − sx 3 d1y3 − x

CAUTION � Do not mistake the 21 in f 21 for an exponent. Thus

f 21sxd    does not mean  
1

f sxd

The reciprocal 1yf sxd could, however, be written as f f sxdg21.

FIGURE 3 �  
f sxd − x 3 is one-to-one.

0

y=˛

y

x

FIGURE 4 �  
tsxd − x 2 is not one-to-one.

0

y=≈

x

y

FIGURE 5 �

x

y

A

B

f – !f
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402	 Chapter 6    Inverse Functions

Example �3�  If f s1d − 5, f s3d − 7, and f s8d − 210, find f 21s7d, f 21s5d, and 
f 21s210d.

SOLUTION � From the definition of f 21 we have

f 21s7d − 3        because        f s3d − 7

f 21s5d − 1        because        f s1d − 5

f 21s210d − 8        because        f s8d − 210

The diagram in Figure 6 makes it clear how f 21 reverses the effect of f  in this case.	 ■

The letter x is traditionally used as the independent variable, so when we concentrate 
on f 21 rather than on f, we usually reverse the roles of x and y in Definition 2 and write

3 �

	

f 21sxd − y    &?    f syd − x

By substituting for y in Definition 2 and substituting for x in (3), we get the follow-
ing cancellation equations:

4 �

	

 f 21s f sxdd − x for every x in A

 f s f 21sxdd − x for every x in B

The first cancellation equation says that if we start with x, apply f, and then apply f 21, 
we arrive back at x, where we started (see the machine diagram in Figure 7). Thus f 21 
undoes what f  does. The second equation says that f  undoes what f 21 does.

x xf ƒ f –!

For example, if f sxd − x 3, then f 21sxd − x 1y3 and so the cancellation equations 
become

 f 21s f sxdd − sx 3 d1y3 − x

 f s f 21sxdd − sx 1y3 d3 − x

These equations simply say that the cube function and the cube root function cancel each 
other when applied in succession.

Now let’s see how to compute inverse functions. If we have a function y − f sxd and 
are able to solve this equation for x in terms of y, then according to Definition 2 we must 
have x − f 21syd. If we want to call the independent variable x, we then interchange x and 
y and arrive at the equation y − f 21sxd.

B
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7

_10

f

A

1

3

8

A

1

3

8

f –!

B

5

7

_10

FIGURE 6 �  
The inverse function reverses inputs 
and outputs.

figure 7
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	 Section  6.1    Inverse Functions	 403

5 �  How to Find the Inverse Function of a One-to-One Function f

Step 1�  Write y − f sxd.

Step 2�  Solve this equation for x in terms of y (if possible).

Step 3� � To express f 21 as a function of x, interchange x and y. 
The resulting equation is y − f 21sxd.

Example �4�  Find the inverse function of f sxd − x 3 1 2.

SOLUTION � According to (5) we first write

y − x 3 1 2

Then we solve this equation for x:

 x 3 − y 2 2

 x − s3 y 2 2 

Finally, we interchange x and y:

 y − s3 x 2 2 

Therefore the inverse function is f 21sxd − s3 x 2 2 .	 ■

The principle of interchanging x and y to find the inverse function also gives us the 
method for obtaining the graph of f 21 from the graph of f. Since f sad − b if and only  
if f 21sbd − a, the point sa, bd is on the graph of f  if and only if the point sb, ad is on the 
graph of f 21. But we get the point sb, ad from sa, bd by reflecting about the line y − x. 
(See Figure 8.)

0

y

x

(b, a)

(a, b)

y=x

0

y

x

f –!

y=x f

figure 8	 figure 9

Therefore, as illustrated by Figure 9:

The graph of f 21 is obtained by reflecting the graph of f  about the line y − x.

In Example 4, notice how f 21 reverses 
the effect of f . The function f  is the 
rule “Cube, then add 2”; f 21 is the rule 
“Subtract 2, then take the cube root.”
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404	 Chapter 6    Inverse Functions

Example �5�  Sketch the graphs of f sxd − s21 2 x  and its inverse function using the 
same coordinate axes.

SOLUTION � First we sketch the curve y − s21 2 x  (the top half of the parabola 
y 2 − 21 2 x, or x − 2y 2 2 1) and then we reflect about the line y − x to get the  
graph of f 21. (See Figure 10.) As a check on our graph, notice that the expression for 
f 21 is f 21sxd − 2x 2 2 1, x > 0. So the graph of f 21 is the right half of the parabola 
y − 2x 2 2 1 and this seems reasonable from Figure 10.	 ■

The Calculus of Inverse Functions
Now let’s look at inverse functions from the point of view of calculus. Suppose that f  is  
both one-to-one and continuous. We think of a continuous function as one whose graph 
has no break in it. (It consists of just one piece.) Since the graph of f 21 is obtained from 
the graph of f  by reflecting about the line y − x, the graph of f 21 has no break in it either 
(see Figure 9). Thus we might expect that f 21 is also a continuous function.

This geometrical argument does not prove the following theorem but at least it makes 
the theorem plausible. A proof can be found in Appendix F.

6 �  Theorem � If f  is a one-to-one continuous function defined on an interval, 
then its inverse function f 21 is also continuous.

Now suppose that f  is a one-to-one differentiable function. Geometrically we can 
think of a differentiable function as one whose graph has no corner or kink in it. We get 
the graph of f 21 by reflecting the graph of f  about the line y − x, so the graph of f 21 has 
no corner or kink in it either. We therefore expect that f 21 is also differentiable (except 
where its tangents are vertical). In fact, we can predict the value of the derivative of f 21 
at a given point by a geometric argument. In Figure 11 the graphs of f  and its inverse 
f 21 are shown. If f sbd − a, then f 21sad − b and s f 21d9sad is the slope of the tangent 
line L to the graph of f 21 at sa, bd, which is DyyDx. Reflecting in the line y − x has the 
effect of interchanging the x- and y-coordinates. So the slope of the reflected line , [the 
tangent to the graph of f  at sb, ad] is DxyDy. Thus the slope of L is the reciprocal of the 
slope of ,, that is,

s f 21d9sad −
Dy

Dx
−

1

DxyDy
−

1

f 9sbd

7 �  Theorem � If f  is a one-to-one differentiable function with inverse function 
f 21 and f 9s f 21sadd ± 0, then the inverse function is differentiable at a and

s f 21d9sad −
1

 f 9s f 21sadd

Proof  Write the definition of derivative as in Equation 2.1.5:

s f 21d9sad − lim
x l a

 
f 21sxd 2 f 21sad

x 2 a

If f sbd − a, then f 21sad − b. And if we let y − f 21sxd, then f syd − x. Since f  is  
differentiable, it is continuous, so f 21 is continuous by Theorem 6. Thus if x l a,  

0

y=x
y=ƒ

(0, _1)

y=f –!(x)

(_1, 0)

y

x

FIGURE 10 

y

x

(b, a)

(a, b)

y=x

Îy
Îx

Îx

Îy
f

f –!L

<<

FIGURE 11
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	 Section  6.1    Inverse Functions	 405

then f 21sxd l f 21sad, that is, y l b. Therefore

 s f 21d9sad − lim
x l a

 
f 21sxd 2 f 21sad

x 2 a
− lim

y l b
 

 y 2 b

 f syd 2 f sbd

 − lim
y l b

 
1

 f syd 2 f sbd
y 2 b

−
1

lim
y l b

 
 f syd 2 f sbd

y 2 b

	  −
1

 f 9sbd
−

1

 f 9s f 21sadd
	 ■

note 1  Replacing a by the general number x in the formula of Theorem 7, we get

8 	 s f 21d9sxd −
1

 f 9s f 21sxdd
	

If we write y − f 21sxd, then f syd − x, so Equation 8, when expressed in Leibniz nota-
tion, becomes

dy

dx
−

1

dx

dy

note 2  If it is known in advance that f 21 is differentiable, then its derivative can be 
computed more easily than in the proof of Theorem 7 by using implicit differentiation. If 
y − f 21sxd, then f syd − x. Differentiating the equation f syd − x implicitly with respect 
to x, remembering that y is a function of x, and using the Chain Rule, we get

  f 9syd 
dy

dx
− 1

Therefore	  
dy

dx
−

1

 f 9syd
−

1

dx

dy

Example �6�  Although the function y − x 2, x [ R, is not one-to-one and therefore does 
not have an inverse function, we can turn it into a one-to-one function by restricting its 
domain. For instance, the function f sxd − x 2, 0 < x < 2, is one-to-one (by the Horizon-
tal Line Test) and has domain f0, 2g and range f0, 4g. (See Figure 12.) Thus f  has an 
inverse function f 21 with domain f0, 4g and range f0, 2g.

0

y

(a) y=≈,   x � R

x20

y
(2, 4)

(b) ƒ=≈,   0¯x¯2

          

0

y

(a) y=≈,   x � R

x20

y
(2, 4)

(b) ƒ=≈,   0¯x¯2

Note that x ± a  ?   f s yd ± f sbd 
because f  is one-to-one.

FIGURE 12
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406	 Chapter 6    Inverse Functions

Without computing a formula for s f 21d9 we can still calculate s f 21d9s1d. Since 
f s1d − 1, we have f 21s1d − 1. Also f 9sxd − 2x. So by Theorem 7 we have

s f 21d9s1d −
1

 f 9s f 21s1dd
−

1

 f 9s1d
−

1

2

In this case it is easy to find f 21 explicitly. In fact, f 21sxd − sx , 0 < x < 4. [In general, 
we could use the method given by (5).] Then s f 21d9sxd − 1ys2sx d, so s f 21d9s1d − 1

2, 
which agrees with the preceding computation. The functions f  and f 21 are graphed in 
Figure 13.		  ■

Example �7�  If f sxd − 2x 1 cos x, find s f 21d9s1d.

SOLUTION � Notice that f  is one-to-one because

f 9sxd − 2 2 sin x . 0

and so f  is increasing. To use Theorem 7 we need to know f 21s1d and we can find it by 
inspection:

f s0d − 1    ?    f 21s1d − 0

Therefore	 s f 21d9s1d −
1

 f 9s f 21s1dd
−

1

 f 9s0d
−

1

2 2 sin 0
−

1

2
	 ■

0

y

x

(2, 4)

(4, 2)

(1, 1)

f

f –!

FIGURE 13

	1 .	�� (a)	 What is a one-to-one function?
	 (b)	� How can you tell from the graph of a function whether it is 

one-to-one?

	2 .	� (a)	� Suppose f  is a one-to-one function with domain A and 
range B. How is the inverse function f 21 defined? What is 
the domain of f 21? What is the range of f 21?

	 (b)	� If you are given a formula for f, how do you find a  
formula for f 21?

	 (c)	� If you are given the graph of f, how do you find the graph 
of f 21?

3–16 � A function is given by a table of values, a graph, a formula, 
or a verbal description. Determine whether it is one-to-one.

	 3.	 x 1 2 3 4 5 6

f sxd 1.5 2.0 3.6 5.3 2.8 2.0

	4 .	 x 1 2 3 4 5 6

f sxd 1.0 1.9 2.8 3.5 3.1 2.9

	 5.	6 .	 y

x
x

y

y

xx

y

	7 .			   8.

y

x
x

y

y

xx

y

	 9.	 f sxd − 2x 2 3	1 0.	 f sxd − x 4 2 16

	11.	 tsxd − 1 2 sin x	12 .	 tsxd − s3 x 

	13.	 hsxd − 1 1 cos x

	14.	� hsxd − 1 1 cos x,    0 < x < �

	15.	� f std is the height of a football t seconds after kickoff.

	16.	� f std is your height at age t.

	17.	�� Assume that f  is a one-to-one function.
	 (a)	� If f s6d − 17, what is f 21s17d?
	 (b)	�� If f 21s3d − 2, what is f s2d?

	18.	�� If f sxd − x 5 1 x 3 1 x, find f 21s3d and f s f 21s2dd.

	19.	� If hsxd − x 1 sx , find h21s6d.

	20.	� The graph of f  is given.
	 (a)	 Why is f  one-to-one?
	 (b)	 What are the domain and range of f 21?
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	 Section  6.1    Inverse Functions	 407

35–38 
(a)  Show that f  is one-to-one.
(b)  Use Theorem 7 to find s f 21d9sad.
(c)  Calculate f 21sxd and state the domain and range of f 21.
(d) � Calculate s f 21d9sad from the formula in part (c) and check 

that it agrees with the result of part (b).
(e)  Sketch the graphs of f  and f 21 on the same axes.

	35.	� f sxd − x 3,    a − 8

	36.	� f sxd − sx 2 2 ,    a − 2

	37.	� f sxd − 9 2 x 2,    0 < x < 3,    a − 8

	38.	� f sxd − 1ysx 2 1d,    x . 1,    a − 2

39–42 � Find s f 21d9sad.

	39.	� f sxd − 3x 3 1 4x 2 1 6x 1 5,    a − 5

	40.	� f sxd − x 3 1 3 sin x 1 2 cos x,    a − 2

	41.	� f sxd − 3 1 x 2 1 tans�xy2d,    21 , x , 1,    a − 3

	42.	� f sxd − sx 3 1 4x 1 4 ,    a − 3

	43.	� �Suppose f 21 is the inverse function of a differentiable func-
tion f  and f s4d − 5, f 9s4d − 2

3. Find s f 21d9s5d.

	44.	� �If t is an increasing function such that ts2d − 8 and 
t9s2d − 5, calculate st21d9s8d.

	45.	� �If f sxd − yx

3
 s1 1 t 3  dt, find s f 21d9s0d.

	46.	� �Suppose f 21 is the inverse function of a differentiable func-
tion f  and let Gsxd − 1yf 21sxd. If f s3d − 2 and f 9s3d − 1

9,  
find G9s2d.

	47.	� �Graph the function f sxd − sx 3 1 x 2 1 x 1 1 and explain 
why it is one-to-one. Then use a computer algebra system 
to find an explicit expression for f 21sxd. (Your CAS will 
produce three possible expressions. Explain why two of 
them are irrelevant in this context.)

	48.	� �Show that hsxd − sin x, x [ R, is not one-to-one, but its 
restriction f sxd − sin x, 2�y2 < x < �y2, is one-to-one. 
Compute the derivative of f 21 − sin21 by the method of 
Note 2.

	49.	� (a)	� If we shift a curve to the left, what happens to its 
reflection about the line y − x? In view of this geo-
metric principle, find an expression for the inverse of 
tsxd − f sx 1 cd, where f  is a one-to-one function.

	 (b)	� Find an expression for the inverse of hsxd − f scxd,  
where c ± 0.

	50.	� (a)	� If f  is a one-to-one, twice differentiable function with 
inverse function t, show that

t0sxd − 2
 f 0stsxdd

f f 9stsxddg 3

	 (b)	� Deduce that if f  is increasing and concave upward, then 
its inverse function is concave downward.

CAS

	 (c)	 What is the value of f 21s2d?
	 (d)	 Estimate the value of f 21s0d.

y

x0 1

1

	21.	�� The formula C − 5
9 sF 2 32d, where F > 2459.67, 

expresses the Celsius temperature C as a function of the 
Fahrenheit temperature F. Find a formula for the inverse 
function and interpret it. What is the domain of the inverse 
function?

	22.	�� In the theory of relativity, the mass of a particle with speed v 
is

m − f svd −
m 0

s1 2 v 2yc 2 

	� where m 0 is the rest mass of the particle and c is the speed 
of light in a vacuum. Find the inverse function of f  and 
explain its meaning.

23–28 � Find a formula for the inverse of the function.

	23.	 f sxd − 5 2 4x	 24.	 f sxd −
4x 2 1

2x 1 3

	25.	 f sxd − 1 1 s2 1 3x 	26 .	� y − x 2 2 x,  x > 1
2

	27.	 y −
1 2 sx  

1 1 sx  
	2 8.	� f sx d − 2x 2 2 8x,  x > 2

29–30 � Find an explicit formula for f 21 and use it to graph  
f 21, f, and the line y − x on the same screen. To check your 
work, see whether the graphs of f  and f 21 are reflections about 
the line.

	29.	 f sxd − s4x 1 3 	 30.	� f sxd − 2 2 x 4,  x > 0

31–32 � Use the given graph of f  to sketch the graph of f 21.

	31.	 y

x0 1

1

y

x0 2

1

	 32.	y

x0 1

1

y

x0 2

1

	33.	� Let f sxd − s1 2 x 2 ,  0 < x < 1.
	 (a)	 Find f 21. How is it related to f ?
	 (b)	� Identify the graph of f  and explain your answer to  

part (a).

	34.	� Let tsxd − s3 1 2 x 3  .
	 (a)	 Find t21. How is it related to t?
	 (b)	� Graph t. How do you explain your answer to part (a)?

;

;
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408	 Chapter 6    Inverse Functions

If your instructor has assigned  
Sections 6.2*, 6.3*, and 6.4*  
(pp. 438–465), you don’t need to read 
Sections 6.2–6.4 (pp. 408–438).

The function f sxd − 2x is called an exponential function because the variable, x, is the 
exponent. It should not be confused with the power function tsxd − x 2, in which the 
variable is the base.

In general, an exponential function is a function of the form

f sxd − bx

where b is a positive constant. Let’s recall what this means.
If x − n, a positive integer, then

bn − b � b � ∙ ∙ ∙ � b 
   

    n factors

If x − 0, then b 0 − 1, and if x − 2n, where n is a positive integer, then

b2n −
1

bn

If x is a rational number, x − pyq, where p and q are integers and q . 0, then

bx − bpyq − sq bp 
− ssq b d p

But what is the meaning of bx if x is an irrational number? For instance, what is meant 
by 2s3 or 5�?

To help us answer this question we first look at the graph of the function y − 2x,  
where x is rational. A representation of this graph is shown in Figure 1. We want to 
enlarge the domain of y − 2x to include both rational and irrational numbers.

There are holes in the graph in Figure 1 corresponding to irrational values of x. We 
want to fill in the holes by defining f sxd − 2x, where x [ R, so that f  is an increasing 
function. In particular, since the irrational number s3  satisfies

1.7 , s3 , 1.8

we must have	 21.7 , 2s3 , 21.8

and we know what 21.7 and 21.8 mean because 1.7 and 1.8 are rational numbers. Similarly,  
if we use better approximations for s3 , we obtain better approximations for 2s3:

 1.73 , s3 , 1.74  ?  21.73 , 2s3 , 21.74

 1.732 , s3 , 1.733  ?  21.732 , 2s3 , 21.733

 1.7320 , s3 , 1.7321  ?  21.7320 , 2s3 , 21.7321

 1.73205 , s3 , 1.73206 ? 21.73205 , 2s3 , 21.73206

	 .	 .	 .	 .
	 .	 .	 .	 .
	 .	 .	 .	 .

It can be shown that there is exactly one number that is greater than all of the numbers

21.7,     21.73,     21.732,     21.7320,     21.73205,     . . .

and less than all of the numbers

21.8,     21.74,     21.733,     21.7321,     21.73206,     . . .

We define 2s3 to be this number. Using the preceding approximation process we can 

FIGURE 1 �  
Representation of y − 2x, x rational

x0

y

1

1

A proof of this fact is given in  
J. Marsden and A. Weinstein, 
Calculus Unlimited (Menlo Park, CA: 
Benjamin/Cummings, 1981). For an 
online version, see resolver.caltech.
edu/CaltechBOOK:1981.001
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	 Section  6.2    Exponential Functions and Their Derivatives	 409

compute it correct to six decimal places:

2s3 < 3.321997

Similarly, we can define 2x (or bx, if b . 0) where x is any irrational number. Fig- 
ure 2 shows how all the holes in Figure 1 have been filled to complete the graph of the 
function f sxd − 2x, x [ R.

In general, if b is any positive number, we define

1 	 bx − lim 
r lx

 br r rational	

This definition makes sense because any irrational number can be approximated as 
closely as we like by a rational number. For instance, because s3  has the decimal repre-
sentation s3 − 1.7320508 . . . , Definition 1 says that 2s3 is the limit of the sequence of 
numbers

21.7, 21.73, 21.732, 21.7320, 21.73205, 21.732050, 21.7320508, . . .

Similarly, 5� is the limit of the sequence of numbers

53.1, 53.14, 53.141, 53.1415, 53.14159, 53.141592, 53.1415926, . . .

It can be shown that Definition 1 uniquely specifies bx and makes the function f sxd − bx 
continuous.

The graphs of members of the family of functions y − bx are shown in Figure 3 for 
various values of the base b. Notice that all of these graphs pass through the same point 
s0, 1d because b 0 − 1 for b ± 0. Notice also that as the base b gets larger, the exponen-
tial function grows more rapidly (for x . 0).

x0

y

2

y=2®

4

y=≈

100

200

6x0

y

2 4

10

y=2®

y=≈

x0

y

1

1®

1.5®
2®4®10®”   ’®1

2 ”   ’®1
4

FIGURE 3� 	  FIGURE 4	 FIGURE 5
Members of the family of 
exponential functions

Figure 4 shows how the exponential function y − 2x compares with the power func-
tion y − x 2. The graphs intersect three times, but ultimately the exponential curve y − 2x 
grows far more rapidly than the parabola y − x 2. (See also Figure 5.)

You can see from Figure 3 that there are basically three kinds of exponential functions 
y − bx. If 0 , b , 1, the exponential function decreases; if b − 1, it is a constant;  
and if b . 1, it increases. These three cases are illustrated in Figure 6. Because

x10

y

1

FIGURE 2   
�y − 2 x, x real 
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410	 Chapter 6    Inverse Functions

 s1ybdx − 1ybx − b2x, the graph of y − s1ybdx is just the reflection of the graph of y − bx 
about the y-axis.

(a) y=b®,  0<b<1 (b) y=1® (c) y=b®,  b>1

1
(0, 1)

(0, 1)

x0

y y

x0x0

y

The properties of the exponential function are summarized in the following theorem.

2 �  Theorem � If b . 0 and b ± 1, then f sxd − bx is a continuous function with  
domain R and range s0, `d. In particular, bx . 0 for all x. If 0 , b , 1, f sxd − bx 
is a decreasing function; if b . 1, f  is an increasing function. If a, b . 0 and  
x, y [ R, then

1.  bx1y − bxby          2.  bx2y −
bx

by           3.  sbx dy − bxy          4.  sabdx − axbx

The reason for the importance of the exponential function lies in properties 1–4, which 
are called the Laws of Exponents. If x and y are rational numbers, then these laws are 
well known from elementary algebra. For arbitrary real numbers x and y these laws can 
be deduced from the special case where the exponents are rational by using Equation 1.

The following limits can be read from the graphs shown in Figure 6 or proved from 
the definition of a limit at infinity. (See Exercise 6.3.71.)

3 � �	   If b . 1, then           lim
x l`

 bx − `         and        lim  
x l2`

 bx − 0

	  If 0 , b , 1, then         lim    
x l`

bx − 0          and          lim     
x l2`

bx − `

In particular, if b ± 1, then the x-axis is a horizontal asymptote of the graph of the 
exponential function y − bx.

Example �1� 
(a)  Find lim x l ` s22x 2 1d.
(b)  Sketch the graph of the function y − 22x 2 1.

SOLUTION

(a)	  lim 
x l`

 s22x 2 1d − lim 
x l`

 f(1
2)x

2 1g

	  − 0 2 1        [by (3) with b − 1
2 , 1]

	  − 21

(b)  We write y − (1
2)x

2 1 as in part (a). The graph of y − (1
2)x

 is shown in Figure 3, 
so we shift it down one unit to obtain the graph of y − (1

2)x
2 1 shown in Figure 7. 

(For a review of shifting graphs, see Section 1.3.) Part (a) shows that the line y − 21 is 
a horizontal asymptote.	 ■

FIGURE 6

www.stewartcalculus.com
For review and practice using the  
Laws of Exponents, click on Review  
of Algebra.

FIGURE 7

x0

y

y=_1

y=2–®-1
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	 Section  6.2    Exponential Functions and Their Derivatives	 411

Applications of Exponential Functions
The exponential function occurs very frequently in mathematical models of nature and  
society. Here we indicate briefly how it arises in the description of population growth.  
In Section 6.5 we will pursue these and other applications in greater detail.

In Section 2.7 we considered a bacteria population that doubles every hour and saw 
that if the initial population is n0, then the population after t hours is given by the function 
f std − n02t. This population function is a constant multiple of the exponential function 
y − 2t, so it exhibits the rapid growth that we observed in Figures 2 and 5. Under ideal 
conditions (unlimited space and nutrition and absence of disease) this exponential growth 
is typical of what actually occurs in nature.

What about the human population? Table 1 shows data for the population of the world 
in the 20th century and Figure 8 shows the corresponding scatter plot.

5x10'

P

t20 40 60 80 100 1200

Years since 1900

The pattern of the data points in Figure 8 suggests exponential growth, so we use a 
graphing calculator with exponential regression capability to apply the method of least 
squares and obtain the exponential model

P − s1436.53d � s1.01395d t

where t − 0 corresponds to the year 1900. Figure 9 shows the graph of this exponential 
function together with the original data points. We see that the exponential curve fits the 
data reasonably well. The period of relatively slow population growth is explained by the 
two world wars and the Great Depression of the 1930s.

5x10'

20 40 60 80 100 120

P

t0

Years since 1900

t
(years since 1900)

Population 
(millions)

0 1650
10 1750
20 1860
30 2070
40 2300
50 2560
60 3040
70 3710
80 4450
90 5280

100 6080
110 6870

Table 1�

figure 8 � 
Scatter plot for world  

population growth

FIGURE 9 � 
Exponential model for  

population growth
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412	 Chapter 6    Inverse Functions

In 1995 a paper appeared detailing the effect of the protease inhibitor ABT-538 on the 
human immunodeficiency virus HIV-1.1 Table 2 shows values of the plasma viral load 
Vstd of patient 303, measured in RNA copies per mL, t days after ABT-538 treatment was 
begun. The corresponding scatter plot is shown in Figure 10.

R
N

A
 c

op
ie

s 
/ m

L

0

V

10 20 30

20

40

60

t (days)

Figure 10�  Plasma viral load in patient 303

The rather dramatic decline of the viral load that we see in Figure 10 reminds us of 
the graphs of the exponential function y − bx in Figures 3 and 6(a) for the case where the 
base b is less than 1. So let’s model the function Vstd by an exponential function. Using 
a graphing calculator or computer to fit the data in Table 2 with an exponential function 
of the form y − a � bt, we obtain the model

V − 96.39785 � s0.818656dt

In Figure 11 we graph this exponential function with the data points and see that the 
model represents the viral load reasonably well for the first month of treatment.
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A
 c
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ie
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/ m
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V
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20

40

60

t (days)

We could use the graph in Figure 11 to estimate the half-life of V, that is, the time 
required for the viral load to be reduced to half its initial value (see Exercise 63).

Derivatives of Exponential Functions
Let’s try to compute the derivative of the exponential function f sxd − bx using the defi-
nition of a derivative:

  f 9sxd − lim
h l 0

 
 f sx 1 hd 2 f sxd

h
− lim

h l 0
 
bx1h 2 bx

h

 − lim
h l 0

 
bxbh 2 bx

h
− lim

h l 0
 
bxsbh 2 1d

h

Table 2

t (days) Vstd

	 1 	 76.0

	 4 	 53.0

	 8 	 18.0

11 	 9.4

15 	 5.2

22 	 3.6

Figure 11 
�Exponential model for viral load

1. D. Ho et al., “Rapid Turnover of Plasma Virions and CD4 Lymphocytes in HIV-1 Infection,” Nature 373 
(1995): 123–26.
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	 Section  6.2    Exponential Functions and Their Derivatives	 413

The factor bx doesn’t depend on h, so we can take it in front of the limit:

f 9sxd − bx lim
h l 0

 
bh 2 1

h

Notice that the limit is the value of the derivative of f  at 0, that is,

 lim
h l 0

 
bh 2 1

h
− f 9s0d

Therefore we have shown that if the exponential function f sxd − bx is differentiable at 
0, then it is differentiable everywhere and

4 �	 f 9sxd − f 9s0dbx
	

This equation says that the rate of change of any exponential function is proportional to 
the function itself. (The slope is proportional to the height.)

Numerical evidence for the existence of f 9s0d is given in the table at the left for the  
cases b − 2 and b − 3. (Values are stated correct to four decimal places.) It appears that 
the limits exist and 

for b − 2,     f 9s0d − lim
h l 0

 
2h 2 1

h
< 0.69

for b − 3,     f 9s0d − lim
h l 0

 
3h 2 1

h
< 1.10

In fact, it can be proved that these limits exist and, correct to six decimal places, the 
values are

5 �	
d

dx
 s2x d Z

x−0
< 0.693147          

d

dx
 s3x d Z

x−0
< 1.098612	

Thus, from Equation 4, we have

6 �	
d

dx
 s2x d < s0.69d2x          

d

dx
 s3x d < s1.10d3x	

Of all possible choices for the base b in Equation 4, the simplest differentiation formula 
occurs when f 9s0d − 1. In view of the estimates of f 9s0d for b − 2 and b − 3, it seems 
reasonable that there is a number b between 2 and 3 for which f 9s0d − 1. It is traditional to  
denote this value by the letter e. Thus we have the following definition.

7   Definition of the Number e �

e is the number such that    lim
h l 0

 
eh 2 1

h
− 1

Geometrically, this means that of all the possible exponential functions y − bx, 
the function f sxd − ex is the one whose tangent line at (0, 1d has a slope f 9s0d that is  
exactly 1. (See Figures 12 and 13.) We call the function f sxd − ex the natural exponen-
tial function.

h
2 h 2 1

h

3h 2 1

h

0.1 0.7177 1.1612

0.01 0.6956 1.1047

0.001 0.6934 1.0992

0.0001 0.6932 1.0987
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414	 Chapter 6    Inverse Functions

0

y

1

x

slope=1

slope=e®

y=e®

{x, e ® }

0

y

1

x

y=2®

y=e®

y=3®

FIGURE 12	 FIGURE 13

If we put b − e and, therefore, f 9s0d − 1 in Equation 4, it becomes the following 
important differentiation formula.

8   Derivative of the Natural Exponential Function

d

dx
 sex d − ex

TEC � Visual 6.2/6.3* uses the slope-a-
scope to illustrate this formula.

Thus the exponential function f sxd − ex has the property that it is its own derivative. 
The geometrical significance of this fact is that the slope of a tangent line to the curve 
y − ex is equal to the y-coordinate of the point (see Figure 13).

Example �2�  Differentiate the function y − e tan x.

SOLUTION � To use the Chain Rule, we let u − tan x. Then we have y − eu, so

	
dy

dx
−

dy

du
 
du

dx
− eu 

du

dx
− e tan x sec2x	 ■

In general if we combine Formula 8 with the Chain Rule, as in Example 2, we get

9 	
d

dx
 seu d − eu 

du

dx
	

Example �3�  Find y9 if y − e24x sin 5x.

SOLUTION � Using Formula 9 and the Product Rule, we have

	 y9 − e24xscos 5xds5d 1 ssin 5xde24xs24d − e24xs5 cos 5x 2 4 sin 5xd	 ■

We have seen that e is a number that lies somewhere between 2 and 3, but we can  
use Equation 4 to estimate the numerical value of e more accurately. Let e − 2c. Then 
ex − 2cx. If f sxd − 2x, then from Equation 4 we have f 9sxd − k2x, where the value of k 
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	 Section  6.2    Exponential Functions and Their Derivatives	 415

is f 9s0d < 0.693147 (see Equations 5). Thus, by the Chain Rule,

ex −
d

dx
 sex d −

d

dx
 s2cx d − k2cx 

d

dx
 scxd − ck2cx

Putting x − 0, we have 1 − ck, so c − 1yk and

e − 21yk < 21y0.693147 < 2.71828

It can be shown that the approximate value to 20 decimal places is

e < 2.71828182845904523536 

The decimal expansion of e is nonrepeating because e is an irrational number.

Example �4�  In Example 2.7.6 we considered a population of bacteria cells in a homo-
geneous nutrient medium. We showed that if the population doubles every hour, then the 
population after t hours is

n − n02t

where n0 is the initial population. Now we can use (4) and (5) to compute the growth 
rate:

dn

dt
< n0s0.693147d2t

For instance, if the initial population is n0 − 1000 cells, then the growth rate after two 
hours is

 
dn

dt Z
t−2

< s1000ds0.693147d2 t |t−2

	  − s4000ds0.693147d < 2773 cellsyh	 ■

Example �5�  Find the absolute maximum value of the function f sxd − xe2x.

SOLUTION � We differentiate to find any critical numbers:

f 9sxd − xe2xs21d 1 e2xs1d − e2xs1 2 xd

Since exponential functions are always positive, we see that f 9sxd . 0 when 
1 2 x . 0, that is, when x , 1. Similarly, f 9sxd , 0 when x . 1. By the First Deriva-
tive Test for Absolute Extreme Values, f  has an absolute maximum value when x − 1 
and the value is

	 f s1d − s1de21 −
1

e
< 0.37	 ■

Exponential Graphs
The exponential function f sxd − ex is one of the most frequently occurring functions in 
calculus and its applications, so it is important to be familiar with its graph (Figure 14) and 
properties. We summarize these properties as follows, using the fact that this function  
is just a special case of the exponential functions considered in Theorem 2 but with base 
b − e . 1.

The rate of growth is proportional to  
the size of the population.

y=´

x0

1

y

1

FIGURE 14�   
The natural exponential function
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416	 Chapter 6    Inverse Functions

10   Properties of the Natural Exponential Function � The exponential func-
tion f sxd − ex is an increasing continuous function with domain R and range 
s0, `d. Thus ex . 0 for all x. Also

lim
x l2`

 ex − 0            lim
x l `

 ex − `

�So the x-axis is a horizontal asymptote of f sxd − ex.

Example �6�  Find lim
x l `

 
e 2x

e 2x 1 1
.

SOLUTION � We divide numerator and denominator by e 2x:

 lim
x l `

 
e 2x

e 2x 1 1
− lim

x l `
 

1

1 1 e22x −
1

1 1 lim
x l `

 e22x

 −
1

1 1 0
− 1

We have used the fact that t − 22x l 2` as x l ` and so

	 lim
x l `

 e22x − lim 
t l2`

 e t − 0	 ■

Example �7�  Use the first and second derivatives of f sxd − e 1yx, together with asymp- 
totes, to sketch its graph.

SOLUTION � Notice that the domain of f  is hx | x ± 0j, so we check for vertical 
asymptotes by computing the left and right limits as x l 0. As x l 01, we know that 
t − 1yx l `, so

lim
xl 01

e 1yx − lim
t l `

 e t − `

and this shows that x − 0 is a vertical asymptote. As x l 02, we have  
t − 1yx l 2`, so

lim
xl 02

e 1yx − lim
t l2`

e t − 0

As x l 6`, we have 1yx l 0 and so

lim
xl 6`

e 1yx − e 0 − 1

This shows that y − 1 is a horizontal asymptote (both to the left and right).
Now let’s compute the derivative. The Chain Rule gives

f 9sxd − 2
e 1yx

x 2

Since e 1yx . 0 and x 2 . 0 for all x ± 0, we have f 9sxd , 0 for all x ± 0. Thus f  is 
decreasing on s2`, 0d and on s0, `d. There is no critical number, so the function has no 
local maximum or minimum. The second derivative is

f 0sxd − 2
x 2e 1yxs21yx 2 d 2 e 1yxs2xd

x 4 −
e 1yxs2x 1 1d

x 4
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	 Section  6.2    Exponential Functions and Their Derivatives	 417

Since e 1yx . 0 and x 4 . 0, we have f 0sxd . 0 when x . 21
2 sx ± 0d and f 0sxd , 0 

when x , 21
2. So the curve is concave downward on s2`, 21

2 d and concave upward on 

s21
2, 0d and on s0, `d. The inflection point is s21

2, e22d.
To sketch the graph of f  we first draw the horizontal asymptote y − 1 (as a dashed 

line), together with the parts of the curve near the asymptotes in a preliminary sketch 
[Figure 15(a)]. These parts reflect the information concerning limits and the fact that 
f  is decreasing on both s2`, 0d and s0, `d. Notice that we have indicated that 
f sxd l 0 as x l 02 even though f s0d does not exist. In Figure 15(b) we finish the 
sketch by incorporating the information concerning concavity and the inflection point. 
In Figure 15(c) we check our work with a graphing device.

(a) Preliminary sketch (b) Finished sketch (c) Computer confirmation

4

_1

_3 3

x0

y

y=1

y=‰

inflection
point

x0

y

y=1

FIGURE 15 � 	 n

Integration
Because the exponential function y − ex has a simple derivative, its integral is also simple:

11 	 y ex dx − ex 1 C	

Example �8�  Evaluate y x 2ex 3
dx.

SOLUTION � We substitute u − x 3. Then du − 3x 2 dx, so x 2 dx − 1
3 du and

	 y x 2ex 3
dx − 1

3 y e
u du − 1

3 eu 1 C − 1
3 ex 3

1 C	 ■

Example �9�  Find the area under the curve y − e23x from 0 to l.

SOLUTION � The area is

	 A − y1

0
 e23x dx − 21

3 e23x g0

1 
− 1

3 s1 2 e23 d	 ■
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418	 Chapter 6    Inverse Functions

17–18 � Find the exponential function f sxd − Cb x whose graph  
is given.

	17.	

0

(1, 6)

(3, 24)
y

x

(_1, 3)

”1,    ’4
3

0

y

x

	18 .	

”2,    ’2
9

0

2

y

x

	19.	�� Suppose the graphs of f sxd − x 2 and tsxd − 2x are drawn 
on a coordinate grid where the unit of measurement is  
1 inch. Show that, at a distance 2 ft to the right of the origin, 
the height of the graph of f  is 48 ft but the height of the 
graph of t is about 265 mi.

	20.	� �Compare the functions f sxd − x 5 and tsxd − 5x by graph-
ing both functions in several viewing rectangles. Find all 
points of intersection of the graphs correct to one decimal 
place. Which function grows more rapidly when x is large?

	21.	� �Compare the functions f sxd − x 10 and tsxd − e x by graph-
ing both f  and t in several viewing rectangles. When does 
the graph of t finally surpass the graph of f ?

	22.	� �Use a graph to estimate the values of x such that 
e x . 1,000,000,000.

23–30 � Find the limit.

	23.	 lim 
x l `

 s1.001dx	24 .	 lim
x l 2`

 s1.001dx

	25.	 lim
x l `

 
e 3x 2 e23x

e 3x 1 e23x 	26 .	 lim
x l `

 e2x 2

	27.	 lim
x l

 

21
 e 3ys22xd	28 .	 lim

x l
 

22
 e 3ys22xd

	29.	 lim
x l `

 se22x cos xd	3 0.	 lim
x l s�y2d1

e tan x

31–50 � Differentiate the function.

	31.	 f sxd − e 5	32 .	 ksrd − e r 1 r e

	33.	 f sxd − s3x 2 2 5xde x	34 .	 y −
e x

1 2 e x

	35.	 y − e ax 3
	36 .	 tsxd − e x 22x

	37.	 y − e tan �	38 .	 Vstd −
4 1 t

te t

	39.	 f sxd −
x 2e x

x 2 1 e x 	4 0.	 y − x 2e21yx

	41.	 y − x 2e23x	42 .	 f std − tans1 1 e 2 td

	43.	 f std − e at sin bt	44 .	 f szd − e zysz21d

;

;

;

	1 .	� (a)	� Write an equation that defines the exponential function 
with base b . 0.

	 (b)	 What is the domain of this function?
	 (c)	 If b ± 1, what is the range of this function?
	 (d)	� Sketch the general shape of the graph of the exponential 

function for each of the following cases.
	 (i)	 b . 1
	 (ii)	 b − 1
	 (iii)	 0 , b , 1

	2 .	� (a)	� How is the number e defined?
	 (b)	 What is an approximate value for e?
	 (c)	 What is the natural exponential function?

3–6 � Graph the given functions on a common screen. How are 
these graphs related?

	3 .	� y − 2x,    y − e x,    y − 5x,    y − 20 x

	4 .	� y − e x,    y − e 2x,    y − 8x,    y − 82x

	5 .	� y − 3x,    y − 10 x,    y − ( 1
3)x

,    y − ( 1
10 )x

	6 .	� y − 0.9 x,    y − 0.6x,    y − 0.3x,    y − 0.1x

�7–12 � Make a rough sketch of the graph of the function. Do not 
use a calculator. Just use the graphs given in Figures 3 and 14 
and, if necessary, the transformations of Section 1.3.

	7 .	 y − 4x 2 1	8 .	 y − s0.5dx 21

	9 .	 y − 222x	1 0.	 y − e | x |

	11.	 y − 1 2 1
2 e2x	12 .	 y − 2s1 2 e xd

	13.	�� Starting with the graph of y − e x, write the equation of the 
graph that results from

	 (a)	 shifting 2 units downward.
	 (b)	 shifting 2 units to the right.
	 (c)	 reflecting about the x-axis.
	 (d)	 reflecting about the y-axis.
	 (e)	 reflecting about the x-axis and then about the y-axis.

	14.	�� Starting with the graph of y − e x, find the equation of the 
graph that results from

	 (a)	 reflecting about the line y − 4.
	 (b)	 reflecting about the line x − 2.

�15–16 � Find the domain of each function.

	15.	� (a)	 f sxd −
1 2 e x 2

1 2 e12x 2	 (b)	 f sxd −
1 1 x

e cos x

	16.	� (a)	 tstd − s10 t 2 100 	 (b)	 tstd − sinse t 2 1d

;
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	 Section  6.2    Exponential Functions and Their Derivatives	 419

	 (c)	� Graph the model from part (b) together with the scatter 
plot in part (a). Use the TRACE feature to determine 
how long it takes for the bacteria count to double.

©
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	65.	�� Under certain circumstances a rumor spreads according to  
the equation

pstd −
1

1 1 ae 2k t

		��  where pstd is the proportion of the population that has  
heard the rumor at time t and a and k are positive constants. 
[In Section 9.4 we will see that this is a reasonable model 
for pstd.]

	 (a)	 Find lim t l ` pstd.
	 (b)	 Find the rate of spread of the rumor.
	 (c)	� Graph p for the case a − 10, k − 0.5 with t measured 

in hours. Use the graph to estimate how long it will take 
for 80% of the population to hear the rumor.

	66.	� �An object is attached to the end of a vibrating spring  
and its displacement from its equilibrium position is 
y − 8e2ty2 sin 4t, where t is measured in seconds and y is  
measured in centimeters.

	 (a)	� Graph the displacement function together with the  
functions y − 8e2ty2 and y − 28e2ty2. How are these 
graphs related? Can you explain why?

	 (b)	� Use the graph to estimate the maximum value of the 
displacement. Does it occur when the graph touches the 
graph of y − 8e2ty2?

	 (c)	� What is the velocity of the object when it first returns to 
its equilibrium position?

	 (d)	� Use the graph to estimate the time after which the dis-
placement is no more than 2 cm from equilibrium.

	67.	� �Find the absolute maximum value of the function 
f sxd − x 2 e x.

	68.	� �Find the absolute minimum value of the function  
tsxd − e xyx, x . 0.

�69–70 � Find the absolute maximum and absolute minimum 
values of f  on the given interval.

	69.	� f sxd − xe2x2y8,    f21, 4g

	70.	� f sxd − xe xy2,    f23, 1g

;

;

	45.	 Fstd − et sin 2t	 46.	 y − e sin 2x 1 sinse 2xd

	47.	 tsud − e ssec u2 

	 48.	 y − s1 1 xe22x 

	49.	 y − cosS 1 2 e2x

1 1 e2xD	 50.	 f std − sin2se sin2 t d

51–52 � Find an equation of the tangent line to the curve at the 
given point.

	51.	 y − e2x cos �x, s0, 1d	 52.	� y −
e x

x
,    s1, ed

	53.	�� Find y9 if e xyy − x 2 y.

	54.	� �Find an equation of the tangent line to the curve 
xe y 1 ye x − 1 at the point s0, 1d.

	55.	�� Show that the function y − e x 1 e2x / 2 satisfies the differen-
tial equation 2y0 2 y9 2 y − 0.

	56.	� �Show that the function y − Ae2x 1 Bxe2x satisfies the dif-
ferential equation y0 1 2y9 1 y − 0.

	57.	�� For what values of r does the function y − erx satisfy the  
differential equation y99 1 6y9 1 8y − 0?

	58.	� �Find the values of � for which y − e �x satisfies the equation 
y 1 y9 − y0.

	59.	� If f sxd − e 2x, find a formula for f sndsxd.

	60.	� Find the thousandth derivative of f sxd − xe2x.

	61.	� (a)	� Use the Intermediate Value Theorem to show that there 
is a root of the equation e x 1 x − 0.

	 (b)	� Use Newton’s method to find the root of the equation in 
part (a) correct to six decimal places.

	62.	�� Use a graph to find an initial approximation (to one decimal 
place) to the root of the equation 4e2x 2

sin x − x 2 2 x 1 1. 
Then use Newton’s method to find the root correct to eight 
decimal places.

	63.	�� Use the graph of V in Figure 11 to estimate the half-life of 
the viral load of patient 303 during the first month of  
treatment.

	64.	� �A researcher is trying to determine the doubling time for 
a population of the bacterium Giardia lamblia. He starts 
a culture in a nutrient solution and estimates the bacteria 
count every four hours. His data are shown in the table.

Time (hours) 0 4 8 12 16 20 24

Bacteria count
sCFUymLd 37 47 63 78 105 130 173

	 (a)	� Make a scatter plot of the data.
	 (b)	� Use a graphing calculator to find an exponential curve 

f std − a � bt that models the bacteria population  
t hours later.

;

;
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420	 chapter  6    Inverse Functions

then use calculus to find these values exactly. Use a graph of f 0 
to estimate the inflection points.

	80.	 f sxd − e cos x	 81.	 f sxd − e x 32x

	82.	� The family of bell-shaped curves

y −
1

�s2� 
 e2sx2�d2ys2� 2d

occurs in probability and statistics, where it is called the 
normal density function. The constant � is called the mean 
and the positive constant � is called the standard deviation. 
For simplicity, let’s scale the function so as to remove the 

factor 1ys�s2� d and let’s analyze the special case where 

� − 0. So we study the function

f sxd − e2x 2ys2� 2d

	 (a)	� Find the asymptote, maximum value, and inflection 
points of f .

	 (b)	 What role does � play in the shape of the curve? 
	 (c)	� Illustrate by graphing four members of this family on 

the same screen.

83–94 � Evaluate the integral.

	83.	 y1

0
 sx e 1 e xd dx	 84.	 y5

25
 e dx

	85.	 y2

0
 

dx

e�x 	 86.	 y x 2 ex3 

dx

	87.	 y e x s1 1 e x  dx	 88.	 y 
s1 1 e xd2

e x  dx

	89.	 y se x 1 e2xd2 dx	 90.	 y e xs4 1 e xd5 dx

	91.	 y 
e u

s1 2 e ud2  du	 92.	 y esin � cos � d�

	93.	 y2

1
 
e1yx

x 2  dx	 94.	 y1

0
 
s1 1 e2x 

e x  dx

	95.	� �Find, correct to three decimal places, the area of the region 
bounded by the curves y − e x, y − e 3x, and x − 1.

	96.	� �Find f sxd if f 0sxd − 3e x 1 5 sin x, f s0d − 1, and 
f 9s0d − 2.

	97.	�� Find the volume of the solid obtained by rotating about the  
x-axis the region bounded by the curves y − e x, y − 0, 
x − 0, and x − 1.

	98.	�� Find the volume of the solid obtained by rotating about the 
		��  �y-axis the region bounded by the curves y − e2x2

, y − 0, 
x − 0, and x − 1.

	99.	�� The error function

erfsxd −
2

s�  
 y x

0
 e2t 2

 dt

;

71–72 � Find (a) the intervals of increase or decrease, (b) the 
intervals of concavity, and (c) the points of inflection.

	71.	 f sxd − s1 2 xde2x	 72.	 f sxd −
e x

x 2

73–75 � Discuss the curve using the guidelines of Section 3.5.

	73.	 y − e21ysx11d

	74.	� y − e2x sin x,    0 < x < 2�

	75.	 y − 1ys1 1 e 2x d

	76.	� �Let tsxd − e cx 1 f sxd and hsxd − ekx f sxd, where f s0d − 3, 
f 9s0d − 5, and f 99s0d − 22.

	 (a)	� Find t9s0d and t99s0d in terms of c.
	 (b)	� In terms of k, find an equation of the tangent line to the 

graph of h at the point where x − 0.

	77.	� �A drug response curve describes the level of medication in  
the bloodstream after a drug is administered. A surge func- 
tion Sstd − At pe2kt is often used to model the response 
curve, reflecting an initial surge in the drug level and then 
a more gradual decline. If, for a particular drug, A − 0.01, 
p − 4, k − 0.07, and t is measured in minutes, estimate 
the times corresponding to the inflection points and explain 
their significance. If you have a graphing device, use it to 
graph the drug response curve.

	78.	� �After an antibiotic tablet is taken, the concentration of the 
antibiotic in the bloodstream is modeled by the function

Cstd − 8se20.4 t 2 e20.6 t d

		��  where the time t is measured in hours and C is measured in  
mgymL. What is the maximum concentration of the anti-
biotic during the first 12 hours?

	79.	� �After the consumption of an alcoholic beverage, the con-
centration of alcohol in the bloodstream (blood alcohol 
concentration, or BAC) surges as the alcohol is absorbed, 
followed by a gradual decline as the alcohol is metabolized. 
The function 

Cstd − 1.35te22.802 t

models the average BAC, measured in mgymL, of a group 
of eight male subjects t hours after rapid consumption of  
15 mL of ethanol (corresponding to one alcoholic drink). 
What is the maximum average BAC during the first 
3 hours? When does it occur?
Source: Adapted from P. Wilkinson et al., “Pharmacokinetics of Ethanol after 
Oral Administration in the Fasting State,” Journal of Pharmacokinetics and 
Biopharmaceutics 5 (1977): 207–24.

80–81 � Draw a graph of f  that shows all the important aspects of 
the curve. Estimate the local maximum and minimum values and 

;
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	 Section  6.3    Logarithmic Functions	 421

	105.	� If f sxd − 3 1 x 1 e x, find s f 21d9s4d.

	106.	� Evaluate lim 
x l �

 
e sin x 2 1

x 2 �
.

107.	�� If you graph the function

f sxd −
1 2 e 1yx

1 1 e 1yx

		�  you’ll see that f  appears to be an odd function. Prove it.

108.	�� Graph several members of the family of functions

f sxd −
1

1 1 ae bx

		��  where a . 0. How does the graph change when b 
changes? How does it change when a changes?

	109.	�� (a)	� Show that e x > 1 1 x if x > 0. 
[Hint: Show that f sxd − e x 2 s1 1 xd is increasing  
for x . 0.]

	 (b)	 Deduce that 43 < y1
0 e

x2  

dx < e.

	110.	�� (a)	� Use the inequality of Exercise 109(a) to show that, for 
x > 0,

e x > 1 1 x 1 1
2 x 2

	 (b)	� Use part (a) to improve the estimate of y1
0 e

x2
dx given 

in Exercise 109(b).

	111.	�� (a)	� Use mathematical induction to prove that for x > 0 
and any positive integer n,

e x > 1 1 x 1
x 2

2!
1 ∙ ∙ ∙ 1

x n

n!

	 (b)	 Use part (a) to show that e . 2.7.
	 (c)	 Use part (a) to show that

lim 
x l `

 
e x

x k − `

		  for any positive integer k.

;

;

		��  is used in probability, statistics, and engineering. Show that 
yb
a e

2t 2
 dt − 1

2 s�  
 

ferfsbd 2 erfsadg.

	100.	� Show that the function

y − e x 2

erfsxd

		�  satisfies the differential equation

y9 − 2xy 1 2ys�  
 

	101.	�� An oil storage tank ruptures at time t − 0 and oil leaks 
from the tank at a rate of rstd − 100e20.01t liters per 
minute. How much oil leaks out during the first hour?

	102.	�� A bacteria population starts with 400 bacteria and grows at 
a rate of rstd − s450.268de1.12567t bacteria per hour. How 
many bacteria will there be after three hours?

	103.	�� Dialysis treatment removes urea and other waste products 
from a patient’s blood by diverting some of the bloodflow 
externally through a machine called a dialyzer. The rate at 
which urea is removed from the blood (in mgymin) is 
often well described by the equation

ustd −
 r

V
 C0 e2rtyV

		��  where r is the rate of flow of blood through the dialyzer (in 
mLymin), V is the volume of the patient’s blood (in mL), 
and C0 is the amount of urea in the blood (in mg) at time 
t − 0. Evaluate the integral y30

0  ustd dt and interpret it.

	104.	�� The rate of growth of a fish population was modeled by the 
equation

Gstd −
60,000e20.6t

s1 1 5e20.6 t d2

		��  where t is measured in years and G in kilograms per year. 
If the biomass (the total mass of the population) was 
25,000 kg in the year 2000, what is the predicted biomass 
for the year 2020?

If b . 0 and b ± 1, the exponential function f sxd − bx is either increasing or decreasing 
and so it is one-to-one by the Horizontal Line Test. It therefore has an inverse function 
f 21, which is called the logarithmic function with base b and is denoted by logb. If we 
use the formulation of an inverse function given by (6.1.3),

f 21sxd − y    &?    f syd − x

then we have 

1 �

	

logb x − y    &?    by − x

Thus, if x . 0, then logb x is the exponent to which the base b must be raised to give x.
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422	 Chapter 6    Inverse Functions

Example �1�  Evaluate (a) log3 81, (b) log25 5, and (c) log10 0.001.

SOLUTION

(a)  log3 81 − 4    because    34 − 81

(b)  log25 5 − 1
2    because    251y2 − 5

(c)  log10 0.001 − 23    because    1023 − 0.001	 ■

The cancellation equations (6.1.4), when applied to the functions f sxd − bx and 
f 21sxd − logb x, become

2 �

	

 logbsbx d − x for every x [ R

 blogb x − x for every x . 0

The logarithmic function logb has domain s0, `d and range R and is continuous since 
it is the inverse of a continuous function, namely, the exponential function. Its graph is 
the reflection of the graph of y − bx about the line y − x.

Figure 1 shows the case where b . 1. (The most important logarithmic functions have  
base b . 1.) The fact that y − bx is a very rapidly increasing function for x . 0 is  
reflected in the fact that y − logb x is a very slowly increasing function for x . 1.

Figure 2 shows the graphs of y − logb x with various values of the base  b . 1. Since 
logb 1 − 0, the graphs of all logarithmic functions pass through the point s1, 0d.

0

y

1

x1

y=log£ x

y=log™ x

y=log∞ x
y=log¡¸ x

The following theorem summarizes the properties of logarithmic functions.

3 �  Theorem � If b . 1, the function f sxd − logb x is a one-to-one, continuous, 
increasing function with domain s0, `d and range R. If x, y . 0 and r is any 
real number, then

1.  logbsxyd − logb x 1 logb y

2.  logbS x

yD − logb x 2 logb y

3.  logbsxrd − r logb x

Properties 1, 2, and 3 follow from the corresponding properties of exponential func-
tions given in Theorem 6.2.2.

FIGURE 1

0

y=x

y=b®,  b>1

y=logb x,  b>1

y

x

FIGURE 2
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	 Section  6.3    Logarithmic Functions	 423

Example �2�  Use the properties of logarithms in Theorem 3 to evaluate the following.  
(a)  log4 2 1 log4 32	 (b)  log2 80 2 log2 5

SOLUTION 

(a)  Using Property 1 in Theorem 3, we have

log4 2 1 log4 32 − log4s2 ? 32d − log4 64 − 3

since 43 − 64.

(b)  Using Property 2 we have

log2 80 2 log2 5 − log2s80
5 d − log2 16 − 4

since 24 − 16.	 ■

The limits of exponential functions given in Section 6.2 are reflected in the following  
limits of logarithmic functions. (Compare with Figure 1.)

4 �  If b . 1, then

lim
x l `

 logb x − ` and       lim    
x l

 

01
 logb x − 2`

In particular, the y-axis is a vertical asymptote of the curve y − logb x.

Example �3�  Find lim 
x l 0

 log10stan2xd.

SOLUTION � As x l 0, we know that t − tan2x l tan2 0 − 0 and the values of t are 
positive. So by (4) with b − 10 . 1, we have

	 lim
x l 0

 log10stan2xd − lim
tl

 

01
 log10 t − 2`	 ■

Natural Logarithms
Of all possible bases b for logarithms, we will see in the next section that the most conve-
nient choice of a base is the number e, which was defined in Section 6.2. The logarithm 
with base e is called the natural logarithm and has a special notation:

loge x − ln x

If we put b − e and replace loge with “ln” in (1) and (2), then the defining properties 
of the natural logarithm function become

5 �

	
ln x − y    &?    ey − x

6 �

	

	  lnsex d − x x [ R

	  e ln x − x x . 0

In particular, if we set x − 1, we get

ln e − 1

Notation for Logarithms
Most textbooks in calculus and the 
sciences, as well as calculators,  
use the notation ln x for the natural 
logarithm and log x for the “common 
logarithm,” log10 x. In the more 
advanced mathematical and scientific 
literature and in computer languages, 
however, the notation log x usually 
denotes the natural logarithm.
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424	 Chapter 6    Inverse Functions

Example �4�  Find x if ln x − 5.

SOLUTION 1 � From (5) we see that

ln x − 5        means        e 5 − x

Therefore x − e 5.
(If you have trouble working with the “ln” notation, just replace it by loge. Then the 

equation becomes loge x − 5; so, by the definition of logarithm, e 5 − x.)

SOLUTION 2 � Start with the equation

ln x − 5

and apply the exponential function to both sides of the equation:

e ln x − e 5

But the second cancellation equation in (6) says that e ln x − x. Therefore x − e 5.	 ■

Example �5�  Solve the equation e 523x − 10.

SOLUTION � We take natural logarithms of both sides of the equation and use (6):

 lnse 523x d − ln 10

 5 2 3x − ln 10

 3x − 5 2 ln 10

 x − 1
3 s5 2 ln 10d

Since the natural logarithm is found on scientific calculators, we can approximate the 
solution: to four decimal places, x < 0.8991.	 ■

Example �6�  Express ln a 1 1
2 ln b as a single logarithm.

SOLUTION � Using Properties 3 and 1 of logarithms, we have

 ln a 1 1
2 ln b − ln a 1 ln b 1y2

 − ln a 1 lnsb 

	  − ln(asb )	 ■

The following formula shows that logarithms with any base can be expressed in terms 
of the natural logarithm.

7 � � Change of Base Formula  For any positive number b sb ± 1d, we have

logb x −
ln x

ln b
 

Proof � Let y − logb x. Then, from (1), we have by − x. Taking natural logarithms of 
both sides of this equation, we get y ln b − ln x. Therefore

	 y −
ln x

ln b
	 ■
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Scientific calculators have a key for natural logarithms, so Formula 7 enables us to use 
a calculator to compute a logarithm with any base (as shown in the following example). 
Similarly, Formula 7 allows us to graph any logarithmic function on a graphing calcula-
tor or computer (see Exercises 20–22).

Example �7�  Evaluate log8 5 correct to six decimal places.

SOLUTION � Formula 7 gives

	 log8 5 −
ln 5

ln 8
< 0.773976	

■

Graph and Growth of the Natural Logarithm
The graphs of the exponential function y − ex and its inverse function, the natural loga-
rithm function, are shown in Figure 3. Because the curve y − ex crosses the y-axis with  
a slope of 1, it follows that the reflected curve y − ln x crosses the x-axis with a slope of 1.

In common with all other logarithmic functions with base greater than 1, the natural 
logarithm is a continuous, increasing function defined on s0, `d and the y-axis is a verti-
cal asymptote.

If we put b − e in (4), then we have the following limits:

8 	 lim
x l `

 ln x − `           lim       
x l

 

01
 ln x − 2`	

Example �8�  Sketch the graph of the function y − lnsx 2 2d 2 1.

SOLUTION � We start with the graph of y − ln x as given in Figure 3. Using the transfor- 
mations of Section 1.3, we shift it 2 units to the right to get the graph of y − lnsx 2 2d 
and then we shift it 1 unit downward to get the graph of y − lnsx 2 2d 2 1. (See 
Figure 4.)

0

y

2 x(3, 0)

x=2

y=ln(x-2)

0

y

x

y=ln x

(1, 0) 0

y

2 x

x=2

(3, _1)

y=ln(x-2)-1

Notice that the line x − 2 is a vertical asymptote since

	 lim
x l

 

21
 flnsx 2 2d 2 1g − 2`	 ■

We have seen that ln x l ` as x l `. But this happens very slowly. In fact, ln x  
grows more slowly than any positive power of x. To illustrate this fact, we compare  
approximate values of the functions y − ln x and y − x 1y2 − sx  in the following table 
and we graph them in Figures 5 and 6 on page 426. You can see that initially the graphs 
of y − sx  and y − ln x grow at comparable rates, but eventually the root function far 
surpasses the logarithm. In fact, we will be able to show in Section 6.8 that

lim 
x l `

 
ln x

xp − 0

y

1
0

x1

y=x
y=´

y=ln x

FIGURE 3�   
The graph of y − ln x is the reflection 
of the graph of y − ex about the line 
y − x .

FIGURE 4�  	
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426	 Chapter 6    Inverse Functions

for any positive power p. So for large x, the values of ln x are very small compared with 
xp. (See Exercise 72.)

x 1 2 5 10 50 100 500 1000 10,000 100,000

ln x 0 0.69 1.61 2.30 3.91 4.6 6.2 6.9 9.2 11.5

sx 1 1.41 2.24 3.16 7.07 10.0 22.4 31.6 100 316

ln x

sx 
0 0.49 0.72 0.73 0.55 0.46 0.28 0.22 0.09 0.04

x0

y

1000

20

y=œ„x

y=ln x

x0

y

1

1

y=œ„x

y=ln x

FIGURE 5	� FIGURE 6

	 1.	� (a)	 How is the logarithmic function y − logb x defined?
	 (b)	 What is the domain of this function?
	 (c)	 What is the range of this function?
	 (d)	� Sketch the general shape of the graph of the function  

y − logb x if b . 1.

	 2.	� (a)	 What is the natural logarithm?
	 (b)	 What is the common logarithm?
	 (c)	� Sketch the graphs of the natural logarithm function and the 

natural exponential function with a common set of axes.

3–8 � Find the exact value of each expression.

	 3.	� (a)	 log2 32	 (b)	 log8 2

	 4.	� (a)	 log5  
1

125	 (b)	 lns1ye 2 d

	 5.	� (a)	 e ln 4.5	 (b)	 log10 0.0001

	 6.	� (a)	 log1.5 2.25	 (b)	 log5 4 2 log5 500

	 7.	� (a)	 log10 40 1 log10 2.5
	 (b)	 log 8 60 2 log 8 3 2 log 8 5

	 8.	� (a)	 e2ln 2	 (b)	 e lnsln e3d

9–12 � Use the properties of logarithms to expand the quantity.

	 9.	 ln sab 	 10.	 log10 Î x 2 1

x 1 1

	11.	 ln 
x 2

y 3z 4 	 12.	 ln(s 4 st su )

13–18 � Express the quantity as a single logarithm.

	13.	 2 ln x 1 3 ln y 2 ln z

	14.	 log10 4 1 log10 a 2 1
3 log10sa 1 1d

	15.	 ln 10 1 2 ln 5	 16.	 ln 3 1 1
3 ln 8

	17.	 1
3 lnsx 1 2d3 1 1

2 fln x 2 lnsx 2 1 3x 1 2d2g

	18.	 ln b 1 2 ln c 2 3 ln d

	19.	�� Use Formula 7 to evaluate each logarithm correct to six deci-
mal places.

	 (a)	 log5 10	 (b)	log3 57	 (c)	 log2 �

20–22 � Use Formula 7 to graph the given functions on a common 
screen. How are these graphs related?

	20.	� y − log2 x,    y − log4 x,    y − log6 x,    y − log8 x

	21.	� y − log1.5 x,    y − ln x,    y − log10 x,    y − log50 x

	22.	� y − ln x,    y − log10 x,    y − e x,    y − 10 x

;
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quake (measured by the amplitude of a seismograph 100 km 
from the epicenter) and S is the intensity of a “standard”  
earthquake (where the amplitude is only 1 micron − 1024 cm). 
The 1989 Loma Prieta earthquake that shook San Francisco 
had a magnitude of 7.1 on the Richter scale. The 1906 San 
Francisco earthquake was 16 times as intense. What was its 
magnitude on the Richter scale?

	44.	� �A sound so faint that it can just be heard has intensity 
I0 − 10212 wattym2 at a frequency of 1000 hertz (Hz). The 
loudness, in decibels (dB), of a sound with intensity I is 
then defined to be L − 10 log10sIyI0 d. Amplified rock music 
is measured at 120 dB, whereas the noise from a motor-
driven lawn mower is measured at 106 dB. Find the ratio of 
the intensity of the rock music to that of the mower.

	45.	�� If a bacteria population starts with 100 bacteria and doubles 
every three hours, then the number of bacteria after t hours 
is n − f std − 100 ∙ 2 ty3. 

	 (a)	� Find the inverse of this function and explain its meaning.
	 (b)	 When will the population reach 50,000?

	46.	�� When a camera flash goes off, the batteries immediately 
begin to recharge the flash’s capacitor, which stores electric 
charge given by

Qstd − Q0s1 2 e 2tya d

	� 	� (The maximum charge capacity is Q0 and t is measured in 
seconds.)

	 (a)	� Find the inverse of this function and explain its  
meaning.

	 (b)	� How long does it take to recharge the capacitor to 90% 
of capacity if a − 2?

47–52 � Find the limit.

	47.	 lim
x l

 

31
 lnsx 2 2 9d	 48.	 lim

x l22
 log5s8x 2 x 4d

	49.	 lim
x l 0

 lnscos xd	 50.	 lim
x l 01

 lnssin xd

	51.	 lim
x l `

 flns1 1 x 2d 2 lns1 1 xdg

	52.	 lim 
x l `

 flns2 1 xd 2 lns1 1 xdg

53–54 � Find the domain of the function.

	53.	 f sxd − lns4 2 x 2d	 54.	 tsxd − log2sx 2 1 3xd

55–57 � Find (a) the domain of f  and (b) f 21 and its domain.

	55.	� f sxd − s3 2 e 2x 	 56.	 f sxd − lns2 1 ln xd

	57.	 f sxd − lnse x 2 3d

	58.	� (a)	� What are the values of e ln 300 and lnse 300d?
	 (b)	� Use your calculator to evaluate e ln 300 and lnse 300d. What 

do you notice? Can you explain why the calculator has 
trouble?

23–24 � Make a rough sketch of the graph of each function.  
Do not use a calculator. Just use the graphs given in Figures 2 
and 3 and, if necessary, the transformations of Section 1.3.

	23.	� (a)	 y − log10sx 1 5d	 (b)	 y − 2ln x

	24.	� (a)	 y − lns2xd	 (b)	 y − ln | x |

25–26 �
(a)	 What are the domain and range of f ?
(b)	 What is the x-intercept of the graph of f ?
(c)	 Sketch the graph of f.

	25.	 f sxd − ln x 1 2	 26.	 f sxd − lnsx 2 1d 2 1

27–36 � Solve each equation for x.

	27.	� (a)	 e724x − 6	 (b)	 lns3x 2 10d − 2

	28.	� (a)	 lnsx 2 2 1d − 3	 (b)	 e 2x 2 3e x 1 2 − 0

	29.	� (a)	 2x25 − 3	 (b)	 ln x 1 lnsx 2 1d − 1

	30.	� (a)	 e 3x11 − k	 (b)	 log2smxd − c

	31.	 e 2 e22x − 1	 32.	 10s1 1 e2xd21 − 3

	33.	 lnsln xd − 1	 34.	 ee x
− 10

	35.	 e 2x 2 e x 2 6 − 0	 36.	 lns2x 1 1d − 2 2 ln x

37–38 � Find the solution of the equation correct to four decimal 
places.

	37.	� (a)	 lns1 1 x 3d 2 4 − 0	 (b)	 2e 1yx − 42

	38.	� (a)	 2 123x − 99	 (b)	 lnS x 1 1

x D − 2

39–40 � Solve each inequality for x.

	39.	� (a)	 ln x , 0	 (b)	 e x . 5

	40.	� (a)	 1 , e 3x21 , 2	 (b)	 1 2 2 ln x , 3

	41.	�� Suppose that the graph of y − log2 x is drawn on a coordi-
nate grid where the unit of measurement is an inch. How 
many miles to the right of the origin do we have to move 
before the height of the curve reaches 3 ft?

	42.	� �The velocity of a particle that moves in a straight line under 
the influence of viscous forces is vstd − ce2kt, where c and k 
are positive constants.

	 (a)	� Show that the acceleration is proportional to the  
velocity.

	 (b)	 Explain the significance of the number c.
	 (c)	� At what time is the velocity equal to half the initial  

velocity?

	43.	�� The geologist C. F. Richter defined the magnitude of an  
earthquake to be log10sIyS d, where I is the intensity of the  
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428	 Chapter 6    Inverse Functions

	 (c)	 Find a number N such that

if    x . N        then      
ln x

x 0.1 , 0.1

	73.	� Solve the inequality lnsx 2 2 2x 2 2d < 0.

	74.	� �A prime number is a positive integer that has no factors 
other than 1 and itself. The first few primes are 2, 3, 5, 7,  
11, 13, 17, . . . . We denote by �snd the number of primes 
that are less than or equal to n. For instance, �s15d − 6 
because there are six primes smaller than 15.

	 (a)	� Calculate the numbers �s25d and �s100d.  
[Hint: To find � s100d, first compile a list of the primes 
up to 100 using the sieve of Eratosthenes: Write the 
numbers from 2 to 100 and cross out all multiples of 2. 
Then cross out all multiples of 3. The next remaining 
number is 5, so cross out all remaining multiples of it, 
and so on.]

	 (b)	� By inspecting tables of prime numbers and tables 
of logarithms, the great mathematician K. F. Gauss 
made the guess in 1792 (when he was 15) that the num-
ber of primes up to n is approximately nyln n when n is 
large. More precisely, he conjectured that

lim 
n l `

 
�snd

nyln n
− 1

		�  This was finally proved, a hundred years later, by 
Jacques Hadamard and Charles de la Vallée Poussin 
and is called the Prime Number Theorem. Provide 
evidence for the truth of this theorem by computing the 
ratio of �snd to nyln n for n − 100, 1000, 104, 105,  
106, and 107. Use the following data: �s1000d − 168,  
�s104 d − 1229, �s105 d − 9592, �s106 d − 78,498, 
�s107 d − 664,579.

	 (c)	� Use the Prime Number Theorem to estimate the number 
of primes up to a billion.

59–64 � Find the inverse function.

	59.	 y − 2 lnsx 2 1d	 60.	 tsxd − log4sx 3 1 2d

	61.	 f sxd − e x3
	 62.	� y − sln xd2,    x > 1

	63.	 y − 32x24	 64.	 y −
1 2 e2x

1 1 e2x

	65.	� On what interval is the function f sxd − e3x 2 e x increasing?

	66.	� �On what interval is the curve y − 2e x 2 e23x concave  
downward?

	67.	� (a)	� Show that the function f sxd − lnsx 1 sx 2 1 1 d is an 
odd function.

	 (b)	 Find the inverse function of f .

	68.	�� Find an equation of the tangent to the curve y − e2x that is 
perpendicular to the line 2x 2 y − 8.

	69.	� �Show that the equation x 1y ln x − 2 has no solution. What can 
you say about the function f sxd − x 1y ln x?

	70.	� �Any function of the form f sxd − ftsxdghsxd, where tsxd . 0, 
can be analyzed as a power of e by writing tsxd − e ln tsxd so 
that f sxd − e hsxd ln tsxd. Using this device, calculate each limit.

	 (a)	 lim
x l `

 x ln x	 (b)	 lim
x l 01

 x2ln x

	 (c)	 lim
x l 01

 x 1yx	 (d)	 lim
x l `

 sln 2xd2ln x

	71.	� Let b . 1. Prove, using Definitions 3.4.6 and 3.4.7, that
	 (a)	 lim

x l 2`
 b x − 0	 (b)	 lim

x l `
 b x − `

	72.	� (a)	� Compare the rates of growth of f sxd − x 0.1 and 
tsxd − ln x by graphing both f  and t in several viewing 
rectangles. When does the graph of f  finally surpass the 
graph of t?

	 (b)	� Graph the function hsxd − sln xdyx 0.1 in a viewing  
rectangle that displays the behavior of the function  
as x l `.

;

In this section we find the derivatives of the logarithmic functions y − logb x and the 
exponential functions y − bx. We start with the natural logarithmic function y − ln x. 
We know that it is differentiable because it is the inverse of the differentiable function 
y − ex.

1 �	
d

dx
 sln xd −

1

x

Proof � Let y − ln x. Then

ey − x
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Differentiating this equation implicitly with respect to x, we get

	  ey 
dy

dx
− 1

and so	
dy

dx
−

1

ey −
1

x
	 ■

Example �1�  Differentiate y − lnsx 3 1 1d.

SOLUTION � To use the Chain Rule, we let u − x 3 1 1. Then y − ln u, so

dy

dx
−

dy

du
 
du

dx
−

1

u
 
du

dx

 −  
1

x 3 1 1
 s3x 2 d −

3x 2

x 3 1 1
■

In general, if we combine Formula 1 with the Chain Rule as in Example 1, we get

2 �	
d

dx
 sln ud −

1

u
 
du

dx
	 or	

d

dx
 fln tsxdg −

t9sxd
tsxd

Example �2�  Find 
d

dx
 lnssin xd.

SOLUTION � Using (2), we have

d

dx
 lnssin xd −

1

sin x
 

d

dx
 ssin xd −

1

sin x
 cos x − cot x ■

Example �3�  Differentiate f sxd − sln x .

SOLUTION � This time the logarithm is the inner function, so the Chain Rule gives

f 9sxd − 1
2 sln xd21y2 

d

dx
 sln xd −

1

2sln x 
�

1

x
−

1

2xsln x 
■

Example �4�  Find 
d

dx
 ln 

x 1 1

sx 2 2 
.

SOLUTION 1 

 
d

dx
 ln 

x 1 1

sx 2 2 
−

1

x 1 1

sx 2 2 

 
d

dx
 

x 1 1

sx 2 2 

 −
sx 2 2 

x 1 1
 
sx 2 2 � 1 2 sx 1 1d(1

2)sx 2 2d21y2

x 2 2

 −
x 2 2 2 1

2 sx 1 1d
sx 1 1dsx 2 2d

 −
x 2 5

2sx 1 1dsx 2 2d

Figure 1 shows the graph of the func-
tion f  of Example 4 together with the 
graph of its derivative. It gives a visual 
check on our calculation. Notice that 
f 9sxd is large negative when f  is rapidly 
decreasing and f 9sxd − 0 when f  has a 
minimum.

x0

y

1

f

f ª

FIGURE 1
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430	 Chapter 6    Inverse Functions

SOLUTION 2 � If we first simplify the given function using the properties of logarithms, 
then the differentiation becomes easier:

 
d

dx
 ln 

x 1 1

sx 1 2 
−

d

dx
 flnsx 1 1d 2 1

2 lnsx 2 2dg

 −
1

x 1 1
2

1

2 S 1

x 2 2D
(This answer can be left as written, but if we used a common denominator we would 
see that it gives the same answer as in Solution 1.)	 ■

Example �5�  Find the absolute minimum value of f sxd − x 2 ln x.

SOLUTION � The domain is s0, `d and the Product Rule gives

f 9sxd − x 2 �
1

x
1 2x ln x − xs1 1 2 ln xd

Therefore f 9sxd − 0 when 2 ln x − 21, that is, ln x − 21
2, or x − e21y2. Also, f 9sxd . 0 

when x . e21y2 and f 9sxd , 0 for 0 , x , e21y2. So, by the First Derivative Test for 
Absolute Extreme Values, f s1yse d − 21ys2ed is the absolute minimum.	 ■

Example �6�  Discuss the curve y − lns4 2 x 2 d using the guidelines of Section 3.5.

A.	� The domain is

hx | 4 2 x 2 . 0j − hx | x 2 , 4j − hx | | x | , 2j − s22, 2d

B.	� The y-intercept is f s0d − ln 4. To find the x-intercept we set

y − lns4 2 x 2 d − 0

	�� We know that ln 1 − loge1 − 0 (since e 0 − 1), so we have 4 2 x 2 − 1 ? 
x 2 − 3 and therefore the x-intercepts are 6s3 . 

C .	� Since f s2xd − f sxd, f  is even and the curve is symmetric about the y-axis.
D.	�� We look for vertical asymptotes at the endpoints of the domain. Since 4 2 x 2 l 01 

as x l 22 and also as x l 221, we have

lim
x l

 

22
 lns4 2 x 2 d − 2`            lim

x l
 

221
 lns4 2 x 2 d − 2`

	� by (6.3.8). Thus the lines x − 2 and x − 22 are vertical asymptotes.

E .	 f 9sxd −
22x

4 2 x 2

	� �Since f 9sxd . 0 when 22 , x , 0 and f 9sxd , 0 when 0 , x , 2, f  is increasing  
on s22, 0d and decreasing on s0, 2d.

F .	��� The only critical number is x − 0. Since f 9 changes from positive to negative at 0, 
f s0d − ln 4 is a local maximum by the First Derivative Test.

G.	 f 0sxd −
s4 2 x 2 ds22d 1 2xs22xd

s4 2 x 2 d2 −
28 2 2x 2

s4 2 x 2 d2

40621_ch06_ptg1_hr_430-439.indd   430 4/13/15   2:52 PM

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



	 Section  6.4    Derivatives of Logarithmic Functions	 431

	� �Since f 0sxd , 0 for all x, the curve is concave downward on s22, 2d and has no 
inflection point.

H.	� �Using this information, we sketch the curve in Figure 2.

	

0

y

x
{œ„3, 0}{_œ„3, 0}

x=2x=_2

(0, ln 4)

	 n

Example �7�  Find f 9sxd if f sxd − ln | x |.
SOLUTION � Since

f sxd − Hln x

lns2xd
if x . 0

if x , 0

it follows that

f 9sxd −

1

x
if x . 0

1

2x
 s21d −

1

x
   if x , 0

Thus f 9sxd − 1yx for all x ± 0.	 ■

The result of Example 7 is worth remembering:

3 �	
d

dx
 ( ln | x |) −

1

x
	

The corresponding integration formula is

4 �	 y 
1

x
 dx − ln | x | 1 C	

Notice that this fills the gap in the rule for integrating power functions:

y xn dx −
xn11

n 1 1
1 C        if n ± 21

The missing case sn − 21d is supplied by Formula 4.

Example �8�  Find, correct to three decimal places, the area of the region under the  
hyperbola xy − 1 from x − 1 to x − 2.

3

_3

_3 3

f

f ª

Figure 3 shows the graph of the func-
tion f sxd − ln | x | in Example 7 and 
its derivative f 9sxd − 1yx. Notice that 
when x is small, the graph of y − ln | x | 
is steep and so f 9sxd is large (positive 
or negative).

FIGURE 3

FIGURE 2�  
y − lns4 2 x 2d
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432	 Chapter 6    Inverse Functions

SOLUTION � The given region is shown in Figure 4. Using Formula 4 (without the abso-
lute value sign, since x . 0), we see that the area is

 A − y2

1
 
1

x
 dx − ln xg1

2

	  − ln 2 2 ln 1 − ln 2 < 0.693	 ■

Example �9�  Evaluate y 
x

x 2 1 1
 dx.

SOLUTION � We make the substitution u − x 2 1 1 because the differential du − 2x dx 
occurs (except for the constant factor 2). Thus x dx − 1

2 du and

 y 
x

x 2 1 1
 dx − 1

2 y 
du

u
− 1

2 ln | u | 1 C

 − 1
2 ln | x 2 1 1 | 1 C − 1

2 lnsx 2 1 1d 1 C

Notice that we removed the absolute value signs because x 2 1 1 . 0 for all x. We 
could use the properties of logarithms to write the answer as

ln sx 2 1 1 1 C

but this isn’t necessary.	 ■

Example �10�  Calculate ye

1
 
ln x

x
 dx.

SOLUTION � We let u − ln x because its differential du − dxyx occurs in the integral. 
When x − 1, u − ln 1 − 0; when x − e, u − ln e − 1. Thus

	 ye

1
 
ln x

x
 dx − y1

0
 u du −

u 2

2 G0

1

−
1

2
	 n

Example �11�  Calculate y tan x dx.

SOLUTION � First we write tangent in terms of sine and cosine:

y tan x dx − y 
sin x

cos x
 dx

This suggests that we should substitute u − cos x, since then du − 2sin x dx and so 
sin x dx − 2du:

  y tan x dx − y 
sin x

cos x
 dx − 2y 

1

u
 du

	  − 2ln | u | 1 C − 2ln | cos x | 1 C	 n

Since 2ln | cos x | − lns| cos x |21d − lns1y|cos x |d − ln | sec x |, the result of Exam
ple 11 can also be written as

y tan x dx − ln | sec x | 1 C

0

y

t1 2

y=∆

area=ln 2

FIGURE 4

FIGURE 5

Since the function f sxd − sln xdyx 
in Example 10 is positive for x . 1, 
the integral represents the area of the 
shaded region in Figure 5.

x0

y

0.5

1 e

y= ln x
x

5
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	 Section  6.4    Derivatives of Logarithmic Functions	 433

General Logarithmic and Exponential Functions
Formula 6.3.7 expresses a logarithmic function with base b in terms of the natural loga-
rithmic function:

logb x −
ln x

ln b

Since ln b is a constant, we can differentiate as follows:

d

dx
 slogb xd −

d

dx
 
ln x

ln b
−

1

ln b
 

d

dx
 sln xd −

1

x ln b

6 	
d

dx
 slogb xd −

1

x ln b
	

Example �12�  Using Formula 6 and the Chain Rule, we get

	
d

dx
 log10s2 1 sin xd −

1

s2 1 sin xd ln 10
 

d

dx
 s2 1 sin xd −

cos x

s2 1 sin xd ln 10
	 ■

From Formula 6 we see one of the main reasons that natural logarithms (logarithms 
with base e) are used in calculus: the differentiation formula is simplest when b − e 
because ln e − 1.

Exponential Functions with Base b    In Section 6.2 we showed that the derivative 
of the general exponential function f sxd − bx, b . 0, is a constant multiple of itself:

f 9sxd − f 9s0dbx        where        f 9s0d − lim 
h l 0

 
bh 2 1

h

We are now in a position to show that the value of the constant is f 9s0d − ln b.

7 	
d

dx
 sbx d − bx ln b	

Proof  We use the fact that e ln b − b:

 
d

dx
 sbx d −

d

dx
 se ln b dx −

d

dx
 e sln bdx − e sln bdx 

d

dx
 sln bdx

	  − se ln b dxsln bd − bx ln b 	 ■

In Example 2.7.6 we considered a population of bacteria cells that doubles every hour 
and we saw that the population after t hours is n − n0 2t, where n0 is the initial popula-
tion. Formula 7 enables us to find the growth rate:

dn

dt
− n0 2t ln 2
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434	 Chapter 6    Inverse Functions

Example �13�  Combining Formula 7 with the Chain Rule, we have

	
d

dx
 (10 x2) − 10 x2sln 10d 

d

dx
 sx 2 d − s2 ln 10dx10 x2

	 n

The integration formula that follows from Formula 7 is

y bx dx −
bx

ln b
1 C        b ± 1

Example �14� 	  y5

0
 2x dx −

2x

ln 2G0

5

−
25

ln 2
2

20

ln 2
−

31

ln 2
	 n

Logarithmic Differentiation
The calculation of derivatives of complicated functions involving products, quotients, or 
powers can often be simplified by taking logarithms. The method used in the following  
example is called logarithmic differentiation.

Example �15�  Differentiate y −
x 3y4 sx 2 1 1

s3x 1 2d5
.

SOLUTION � We take logarithms of both sides of the equation and use the properties of 
logarithms to simplify:

ln y − 3
4 ln x 1 1

2 lnsx 2 1 1d 2 5 lns3x 1 2d

Differentiating implicitly with respect to x gives

1

y
 
dy

dx
−

3

4
�

1

x
1

1

2
�

2x

x 2 1 1
2 5 �

3

3x 1 2

Solving for dyydx, we get

  
dy

dx
− yS 3

4x
1

x

x 2 1 1
2

15

3x 1 2D
Because we have an explicit expression for y, we can substitute and write

dy

dx
−

x 3y4 sx 2 1 1

s3x 1 2d5 S 3

4x
1

x

x 2 1 1
2

15

3x 1 2D ■

Steps in Logarithmic Differentiation �

1.	�� Take natural logarithms of both sides of an equation y − f sxd and use the prop-
erties of logarithms to simplify.

2.	� Differentiate implicitly with respect to x.

3.	� Solve the resulting equation for y9.

If f sxd , 0 for some values of x, then ln f sxd is not defined, but we can still use loga-
rithmic differentiation by first writing | y | − | f sxd | and then using Equation 3. We illus-
trate this procedure by proving the general version of the Power Rule, as promised in 
Section 2.3.

If we hadn’t used logarithmic differen-
tiation in Example 15, we would have 
had to use both the Quotient Rule  
and the Product Rule. The resulting 
calculation would have been  
horrendous.
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	 Section  6.4    Derivatives of Logarithmic Functions	 435

The Power Rule � If n is any real number and f sxd − xn, then

f 9sxd − nxn21

Proof � Let y − xn and use logarithmic differentiation:

ln | y | − ln | x |n − n ln | x |        x ± 0

�Therefore	
y9

y
−

n

x

�Hence	 y9 − n 
y

x
− n 

xn

x
− nxn21	 ■

You should distinguish carefully between the Power Rule fsdydxdxn − nxn21 g, where the 
base is variable and the exponent is constant, and the rule for differentiating exponential 
functions fsdydxdbx − bx ln bg, where the base is constant and the exponent is variable.

In general there are four cases for exponents and bases:

1.	�
d

dx
 sbnd − 0        (b and n are constants)

2.	�
d

dx
 f f sxdgn − nf f sxdgn21 f 9sxd

3.	�
d

dx
 fb tsxdg − b tsxdsln bdt9sxd

4.	� �To find sdydxdf f sxdg tsxd, logarithmic differentiation can be used, as in the next 
example.

Example �16�  Differentiate y − xsx 

.

SOLUTION 1 � Since both the base and the exponent are variable, we use logarithmic 
differentiation:

 ln y − ln xsx 

− sx  ln x

 
 y9

y
− sx �

1

x
1 sln xd 

1

2sx 
 

 y9 − yS 1

sx 
1

ln x

2sx D − xsx S 2 1 ln x

2sx D
SOLUTION 2 � Another method is to write xsx 

− se ln x dsx 

:

d

dx
 sxsx d −

d

dx
 sesx  ln x d − esx  ln x 

d

dx
 ssx  ln xd

	 − xsx S 2 1 ln x

2sx D        (as in Solution 1)	 ■

If x − 0, we can show that f 9s0d − 0 
for n . 1 directly from the definition  
of a derivative.

Constant base, constant exponent

Variable base, constant exponent

Constant base, variable exponent

Variable base, variable exponent

1

1

f

f ª

x0

y

FIGURE 6

Figure 6 illustrates Example 16 by
showing the graphs of f sxd − x sx and 
its derivative.
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436	 Chapter 6    Inverse Functions

The Number e as a Limit
We have shown that if f sxd − ln x, then f 9sxd − 1yx. Thus f 9s1d − 1. We now use this 
fact to express the number e as a limit.

From the definition of a derivative as a limit, we have

  f 9s1d − lim
h l 0

 
 f s1 1 hd 2 f s1d

h
− lim

x l 0
 
 f s1 1 xd 2 f s1d

x

 − lim
x l 0

 
lns1 1 xd 2 ln 1

x
− lim

x l 0
 
1

x
 lns1 1 xd

 − lim
x l 0

 lns1 1 xd1yx

Because f 9s1d − 1, we have
lim
x l 0

 lns1 1 xd1yx − 1

Then, by Theorem 1.8.8 and the continuity of the exponential function, we have

e − e1 − elim x l 0 lns11xd1yx

− lim
x l 0

 elns11xd1yx

− lim
x l 0

 s1 1 xd1yx

8 �	 e − lim
x l 0

 s1 1 xd1yx

Formula 8 is illustrated by the graph of the function y − s1 1 xd1yx in Figure 7 and a 
table of values for small values of x. This illustrates the fact that, correct to seven decimal 
places,

e < 2.7182818

If we put n − 1yx in Formula 8, then n l ` as x l 01 and so an alternative expres-
sion for e is

9 �	 e − lim
n l `

 S1 1
1

nDn

2

3
y=(1+x)!?®

1

0

y

x

FIGURE 7

x s1 1 xd1yx

0.1 2.59374246
0.01 2.70481383
0.001 2.71692393
0.0001 2.71814593
0.00001 2.71826824
0.000001 2.71828047
0.0000001 2.71828169
0.00000001 2.71828181

	 1.	� �Explain why the natural logarithmic function y − ln x is used 
much more frequently in calculus than the other logarithmic 
functions y − logb x.

2–26 � Differentiate the function.

	2 .	 f sxd − x ln x 2 x

	3 .	 f sxd − sinsln xd	4 .	 f sxd − lnssin2xd

	5 .	 f sxd − ln 
1

x
	6 .	 y −

1

ln x

	7 .	 f sxd − log10s1 1 cos xd	8 .	 f sxd − log10 sx 

	9 .	 tsxd − lnsxe22xd	 10.	 tstd − s1 1 ln t 

	11.	 Fstd − sln td2 sin t	 12.	 hsxd − lnsx 1 sx 2 2 1 d

	13.	 Gsyd − ln 
s2y 1 1d5

sy 2 1 1 
	 14.	 Psvd −

ln v

1 2 v

	15.	 f sud −
ln u

1 1 lns2ud
	 16.	 y − ln | 1 1 t 2 t 3 |

	17.	 f sxd − x 5 1 5 x	 18.	 tsxd − x sins2 xd

	19.	 T szd − 2z log2 z	20 .	 y − lnscsc x 2 cot xd

	21.	 y − lnse2x 1 xe2x d	22 .	 Hszd − lnÎ a 2 2 z 2

a 2 1 z 2  

	23.	 y − tan flnsax 1 bdg	24 .	 y − log2 sx log5 xd

	25.	 Gsxd − 4 Cyx	26 .	 Fstd − 3cos 2t
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	 Section  6.4    Derivatives of Logarithmic Functions	 437

	58.	� Find 
d 9

dx 9 sx 8 ln xd.

59–60 � Use a graph to estimate the roots of the equation correct 
to one decimal place. Then use these estimates as the initial 
approximations in Newton’s method to find the roots correct to 
six decimal places.

	59.	 sx 2 4d2 − ln x	60 .	 lns4 2 x 2 d − x

	61.	� �Find the intervals of concavity and the inflection points of 
		��  the function f sxd − sln xdysx .

	62.	� �Find the absolute minimum value of the function 
f sxd − x ln x.

63–66 � Discuss the curve under the guidelines of Section 3.5.

	63.	 y − lnssin xd	64 .	 y − lnstan2xd

	65.	 y − lns1 1 x 2 d	66 .	 y − lns1 1 x3d

	67.	� �If f sxd − lns2x 1 x sin xd, use the graphs of f , f 9, and f 0 
to estimate the intervals of increase and the inflection points 
of f  on the interval s0, 15g.

	68.	� �Investigate the family of curves f sxd − lnsx 2 1 cd. What  
happens to the inflection points and asymptotes as c 
changes? Graph several members of the family to illustrate 
what you discover.

	69.	� �The flash unit on a camera operates by storing charge on a 
capacitor and releasing it suddenly when the flash is set off. 
The following data describe the charge Q remaining on the 
capacitor (measured in microcoulombs, mC) at time t (mea- 
sured in seconds).

t 	 0.00 	 0.02 	 0.04 	 0.06 	 0.08 	 0.10

Q 100.00 81.87 67.03 54.88 44.93 36.76

	 (a)	� Use a graphing calculator or computer to find an expo-
nential model for the charge.

	 (b)	� The derivative Q9std represents the electric current 
(measured in microamperes, mA) flowing from the 
capacitor to the flash bulb. Use part (a) to estimate the 
current when t − 0.04 s. Compare with the result of 
Example 1.4.2.

	70.	�� �The table gives the US population from 1790 to 1860.

Year Population Year Population

1790 3,929,000 1830 12,861,000
1800 5,308,000 1840 17,063,000
1810 7,240,000 1850 23,192,000
1820 9,639,000 1860 31,443,000

	 (a)	� Use a graphing calculator or computer to fit an expo-
nential function to the data. Graph the data points and 
the exponential model. How good is the fit?

;

CAS

;

;

;

27–30 � Find y9 and y99.

	27.	 y − sx  ln x	28 .	 y −
ln x

1 1 ln x

	29.	 y − ln | sec x |	30 .	 y − lns1 1 ln xd

31–34 � Differentiate f  and find the domain of f .

	31.	 f sxd −
x

1 2 lnsx 2 1d
	32 .	 f sxd − s2 1 ln x 

	33.	 f sxd − lnsx 2 2 2xd	34 .	 f sxd − ln ln ln x

	35.	�� If f sxd − lnsx 1 ln xd, find f 9s1d.

	36.	� If f sxd − cossln x 2d, find f 9s1d.

37–38 � Find an equation of the tangent line to the curve at the 
given point.

	37.	� y − lnsx 2 2 3x 1 1d,    s3, 0d

	38.	� y − x 2 ln x,    s1, 0d

	39.	� �If f sxd − sin x 1 ln x, find f 9sxd. Check that your answer is 
reasonable by comparing the graphs of f  and f 9.

	40.	� �Find equations of the tangent lines to the curve y − sln xdyx 
at the points s1, 0d and se, 1yed. Illustrate by graphing the 
curve and its tangent lines.

	41.	� �Let f sxd − cx 1 lnscos xd. For what value of c is 
f 9s�y4d − 6?

	42.	� �Let f sxd − logbs3x 2 2 2d. For what value of b is f 9s1d − 3?

43–54 � Use logarithmic differentiation to find the derivative of 
the function.

	43.	 y − sx 2 1 2d2sx 4 1 4d4	44 .	 y −
e2x cos2x

x 2 1 x 1 1

	45.	 y − Î x 2 1

x 4 1 1 	46 .	 y − sx ex22xsx 1 1d2y3

	47.	 y − x x	48 .	 y − x cos x

	49.	 y − x sin x	50 .	 y − (sx )x

	51.	 y − scos xdx	52 .	 y − ssin xd ln x

	53.	 y − stan xd1yx	54 .	 y − sln xdcos x

	55.	� Find y9 if y − lnsx 2 1 y 2 d.

	56.	� Find y9 if x y − y x.

	57.	� Find a formula for f sndsxd if f sxd − lnsx 2 1d.

;

;
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438	 chapter  6    Inverse Functions

In this section we define the natural logarithm as an integral and then show that it obeys  
the usual laws of logarithms. The Fundamental Theorem makes it easy to differentiate 
this function.

1 �  Definition � The natural logarithmic function is the function defined by

ln x − y x

1
 
1

t
 dt        x . 0

If your instructor has assigned Sec-
tions 6.2–6.4 (pp. 408–438), you need 
not read Sections 6.2*, 6.3*, and 6.4* 
(pp. 438–465).

	85.	� �Find the volume of the solid obtained by rotating the region 
under the curve

y −
1

sx 1 1

		�  from 0 to 1 about the x-axis.

	86.	� �Find the volume of the solid obtained by rotating the region 
under the curve

y −
1

x 2 1 1

		�  from 0 to 3 about the y-axis.

	87.	� �The work done by a gas when it expands from volume V1  
to volume V2 is W − yV2

V1
 P dV, where P − PsV d is the pres-

sure as a function of the volume V. (See Exercise 5.4.29.) 
Boyle’s Law states that when a quantity of gas expands at 
constant temperature, PV − C, where C is a constant. If the 
initial volume is 600 cm3 and the initial pressure is 150 kPa, 
find the work done by the gas when it expands at constant 
temperature to 1000 cm3.

	88.	� Find f  if f 0sxd − x 22, x . 0, f s1d − 0, and f s2d − 0.

	89.	� If t is the inverse function of f sxd − 2x 1 ln x, find t9s2d.

	90.	� If f sxd − e x 1 ln x and hsxd − f 21sxd, find h9sed.

	91.	� �For what values of m do the line y − mx and the curve 
y − xysx 2 1 1d enclose a region? Find the area of the 
region.

	92.	� (a)	� Find the linear approximation to f sxd − ln x near l.
	 (b)	 Illustrate part (a) by graphing f  and its linearization.
	 (c)	� For what values of x is the linear approximation  

accurate to within 0.1?

	93.	� Use the definition of derivative to prove that

lim
x l 0

 
lns1 1 xd

x
− 1

	94.	� Show that lim
n l `

 S1 1
x

nDn

− e x for any x . 0.

;

	 (b)	� Estimate the rates of population growth in 1800 and 
1850 by averaging slopes of secant lines.

	 (c)	� Use the exponential model in part (a) to estimate the 
rates of growth in 1800 and 1850. Compare these esti-
mates with the ones in part (b).

	 (d)	� Use the exponential model to predict the popula-
tion in 1870. Compare with the actual population of 
38,558,000. Can you explain the discrepancy?

71–82 � Evaluate the integral.

	71.	 y4

2
 
3

x
 dx	72 .	 y3

0
 

dx

5x 1 1

	73.	 y2

1
 

dt

8 2 3t
	74 .	 y9

4
 Ssx 1

1

sx D2

dx

	75.	 ye

1
 
x 2 1 x 1 1

x
 dx	76 .	 y 

cossln td
t

 dt

	77.	 y 
sln xd2

x
 dx	78 .	 y 

cos x

2 1 sin x
 dx

	79.	 y 
sin 2x

1 1 cos2x
 dx	80 .	 y 

e x

e x 1 1
 dx

	81.	 y4

0
 2s ds	82 .	 y x2x2

dx

	83.	�� Show that y cot x dx − ln | sin x | 1 C by (a) differentiating  
the right side of the equation and (b) using the method of 
Example 11.

	84.	�� Sketch the region enclosed by the curves

y −
ln x

x
    and    y −

sln xd2

x

		�  and find its area.

;
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The existence of this function depends on the fact that the integral of a continuous 
function always exists. If x . 1, then ln x can be interpreted geometrically as the area 
under the hyperbola y − 1yt from t − 1 to t − x. (See Figure 1.) For x − 1, we have

ln 1 − y1

1
 
1

t
 dt − 0

For 0 , x , 1,	 ln x − y x

1
 
1

t
 dt − 2y1

x
 
1

t
 dt , 0	

and so ln x is the negative of the area shaded in Figure 2.

Example �1� 
(a)  By comparing areas, show that 12 , ln 2 , 3

4.
(b)  Use the Midpoint Rule with n − 10 to estimate the value of ln 2.

SOLUTION

(a)  We can interpret ln 2 as the area under the curve y − 1yt from 1 to 2. From Fig-
ure 3 we see that this area is larger than the area of rectangle BCDE and smaller than 
the area of trapezoid ABCD. Thus we have

 12 � 1 , ln 2 , 1 � 1
2 (1 1 1

2 )

 12 , ln 2 , 3
4

(b)  If we use the Midpoint Rule with f std − 1yt, n − 10, and Dt − 0.1, we get

 ln 2 − y2

1
 
1

t
 dt < s0.1df f s1.05d 1 f s1.15d 1 ∙ ∙ ∙ 1 f s1.95dg

	  − s0.1dS 1

1.05
1

1

1.15
1 ∙ ∙ ∙ 1

1

1.95D < 0.693 	 ■

Notice that the integral that defines ln x is exactly the type of integral discussed  
in Part 1 of the Fundamental Theorem of Calculus (see Section 4.3). In fact, using that 
theorem, we have

d

dx
 yx

1
 
1

t
 dt −

1

x

and so

2 �	
d

dx
 sln xd −

1

x

We now use this differentiation rule to prove the following properties of the loga-
rithm function.

3 �  Laws of Logarithms�  If x and y are positive numbers and r is a rational num-
ber, then

1.  lnsxyd − ln x 1 ln y        2.  lnS x

yD − ln x 2 ln y        3.  lnsxrd − r ln x

y= 1
t

0

y

1 x t

area=ln x

y= 1
t

0

y

1x t

area=_ ln x

y= 1
t

0

y

1 2 t

A

B C

DE

FIGURE 1

FIGURE 2

FIGURE 3
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440	 Chapter 6    Inverse Functions

Proof

1.�  Let f sxd − lnsaxd, where a is a positive constant. Then, using Equation 2 and 
the Chain Rule, we have

f 9sxd −
1

ax
 

d

dx
 saxd −

1

ax
� a −

1

x

Therefore f sxd and ln x have the same derivative and so they must differ by a constant:

lnsaxd − ln x 1 C

Putting x − 1 in this equation, we get ln a − ln 1 1 C − 0 1 C − C. Thus

lnsaxd − ln x 1 ln a

If we now replace the constant a by any number y, we have

lnsxyd − ln x 1 ln y

2.�  Using Law 1 with x − 1yy, we have

 ln 
1

y
1 ln y − lnS 1

y
� yD − ln 1 − 0

and so	  ln 
1

y
− 2ln y

Using Law 1 again, we have

lnS x

yD − lnSx �
1

yD − ln x 1 ln 
1

y
− ln x 2 ln y

The proof of Law 3 is left as an exercise.	 ■

Example �2�  Expand the expression ln 
sx 2 1 5d4 sin x

x 3 1 1
.

SOLUTION � Using Laws 1, 2, and 3, we get

 ln 
sx 2 1 5d4 sin x

x 3 1 1
− lnsx 2 1 5d4 1 ln sin x 2 lnsx 3 1 1d

	  − 4 lnsx 2 1 5d 1 ln sin x 2 lnsx 3 1 1d	 ■

Example �3�  Express ln a 1 1
2 ln b as a single logarithm.

SOLUTION � Using Laws 3 and 1 of logarithms, we have

 ln a 1 1
2 ln b − ln a 1 ln b 1y2

 − ln a 1 lnsb 

	  − ln(asb )	 ■

In order to graph y − ln x, we first determine its limits:

4 �	 (a)  lim
x l `

 ln x − `            (b)  lim
xl

 

01
 ln x − 2`	
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Proof

(a)  Using Law 3 with x − 2 and r − n (where n is any positive integer), we have 
lns2n d − n ln 2. Now ln 2 . 0, so this shows that lns2n d l ` as n l `. But ln x is an 
increasing function since its derivative 1yx . 0. Therefore ln x l ` as x l `.

(b)  If we let t − 1yx, then t l ` as x l 01. Thus, using (a), we have

	 lim
x l

 

01
 ln x − lim

t l `
 lnS 1

t D − lim
t l `

 s2ln td − 2`	 ■

If y − ln x, x . 0, then

dy

dx
−

1

x
. 0        and      

d 2 y

dx 2 − 2
1

x 2 , 0

which shows that ln x is increasing and concave downward on s0, `d. Putting this infor­
mation together with (4), we draw the graph of y − ln x in Figure 4.

Since ln 1 − 0 and ln x is an increasing continuous function that takes on arbitrarily 
large values, the Intermediate Value Theorem shows that there is a number where ln x 
takes on the value 1. (See Figure 5.) This important number is denoted by e.

5 �  Definition� 	  e is the number such that ln e − 1.

Example �4�  Use a graphing calculator or computer to estimate the value of e.

SOLUTION � According to Definition 5, we estimate the value of e by graphing the 
curves y − ln x and y − 1 and determining the x-coordinate of the point of intersec­
tion. By zooming in repeatedly, as in Figure 6, we find that

	 e < 2.718	 ■

With more sophisticated methods, it can be shown that the approximate value of e, to 
20 decimal places, is

e < 2.71828182845904523536

The decimal expansion of e is nonrepeating because e is an irrational number.
Now let’s use Formula 2 to differentiate functions that involve the natural logarithmic 

function.

Example �5�  Differentiate y − lnsx 3 1 1d.

SOLUTION � To use the Chain Rule, we let u − x 3 1 1. Then y − ln u, so

dy

dx
−

dy

du
 
du

dx
−

1

u
 
du

dx

 −  
1

x 3 1 1
 s3x 2 d −

3x 2

x 3 1 1
■

In general, if we combine Formula 2 with the Chain Rule as in Example 5, we get

6 �	
d

dx
 sln ud −

1

u
 
du

dx
	 or	

d

dx
 fln tsxdg −

t9sxd
tsxd

0

y

1

x1 e

y=ln x

0

y

x1

y=ln x

FIGURE 4

0

y

1

x1 e

y=ln x

0

y

x1

y=ln x

FIGURE 5

y=1

y=ln x

0.98
2.752.7

1.02

FIGURE 6
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442	 Chapter 6    Inverse Functions

Example �6�  Find 
d

dx
 lnssin xd.

SOLUTION � Using (6), we have

d

dx
 lnssin xd −

1

sin x
 

d

dx
 ssin xd −

1

sin x
 cos x − cot x ■

Example �7�  Differentiate f sxd − sln x .

SOLUTION � This time the logarithm is the inner function, so the Chain Rule gives

f 9sxd − 1
2 sln xd21y2 

d

dx
 sln xd −

1

2sln x 
�

1

x
−

1

2xsln x 
■

Example �8�  Find 
d

dx
 ln 

x 1 1

sx 2 2 
.

SOLUTION 1 

 
d

dx
 ln 

x 1 1

sx 2 2 
−

1

x 1 1

sx 2 2 

 
d

dx
 

x 1 1

sx 2 2 

 −
sx 2 2 

x 1 1
 
sx 2 2 � 1 2 sx 1 1d(1

2)sx 2 2d21y2

x 2 2

 −
x 2 2 2 1

2 sx 1 1d
sx 1 1dsx 2 2d

 −
x 2 5

2sx 1 1dsx 2 2d

SOLUTION 2 � If we first simplify the given function using the Laws of Logarithms, then 
the differentiation becomes easier:

 
d

dx
 ln 

x 1 1

sx 1 2 
−

d

dx
 flnsx 1 1d 2 1

2 lnsx 2 2dg

 −
1

x 1 1
2

1

2 S 1

x 2 2D
(This answer can be left as written, but if we used a common denominator we would 
see that it gives the same answer as in Solution 1.)	 ■

Example �9�  Discuss the curve y − lns4 2 x 2 d using the guidelines of Section 3.5.

A.	� The domain is

hx | 4 2 x 2 . 0j − hx | x 2 , 4j − hx | | x | , 2j − s22, 2d

B.	� The y-intercept is f s0d − ln 4. To find the x-intercept we set

y − lns4 2 x 2 d − 0

Figure 7 shows the graph of the func­
tion f  of Example 8 together with the 
graph of its derivative. It gives a visual 
check on our calculation. Notice that 
f 9sxd is large negative when f  is rapidly 
decreasing and f 9sxd − 0 when f  has a 
minimum.

x0

y

1

f

f ª

FIGURE 7
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	 Section  6.2*    The Natural Logarithmic Function	 443

	�� We know that ln 1 − 0, so we have 4 2 x 2 − 1 ? x 2 − 3 and therefore the  
x-intercepts are 6s3 .

C .	� Since f s2xd − f sxd, f  is even and the curve is symmetric about the y-axis.
D.	�� We look for vertical asymptotes at the endpoints of the domain. Since 4 2 x 2 l 01 

as x l 22 and also as x l 221, we have

lim
x l

 

22
 lns4 2 x 2 d − 2`            lim

x l
 

221
 lns4 2 x 2 d − 2`

	� Thus the lines x − 2 and x − 22 are vertical asymptotes.

E .	 f 9sxd −
22x

4 2 x 2

	� �Since f 9sxd . 0 when 22 , x , 0 and f 9sxd , 0 when 0 , x , 2, f  is increasing  
on s22, 0d and decreasing on s0, 2d.

F .	��� The only critical number is x − 0. Since f 9 changes from positive to negative at 0, 
f s0d − ln 4 is a local maximum by the First Derivative Test.

G.	 f 0sxd −
s4 2 x 2 ds22d 1 2xs22xd

s4 2 x 2 d2 −
28 2 2x 2

s4 2 x 2 d2

	� �Since f 0sxd , 0 for all x, the curve is concave downward on s22, 2d and has no 
inflection point.

H.	� �Using this information, we sketch the curve in Figure 8.	 n

Example �10�  Find f 9sxd if f sxd − ln | x |.
SOLUTION � Since

f sxd − Hln x

lns2xd
if x . 0

if x , 0

it follows that

f 9sxd −

1

x
if x . 0

1

2x
 s21d −

1

x
   if x , 0

Thus f 9sxd − 1yx for all x ± 0.	 ■

The result of Example 10 is worth remembering:

7 �	
d

dx
 ( ln | x |) −

1

x
	

The corresponding integration formula is

8 �	 y 
1

x
 dx − ln | x | 1 C	

0

y

x
{œ„3, 0}{_œ„3, 0}

x=2x=_2

(0, ln 4)

FIGURE 8   
y − lns4 2 x 2d

3

_3

_3 3

f

f ª

Figure 9 shows the graph of the func­
tion f sxd − ln | x | in Example 10 and 
its derivative f 9sxd − 1yx. Notice that 
when x is small, the graph of y − ln | x | 
is steep and so f 9sxd is large (positive 
or negative).

FIGURE 9
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444	 Chapter 6    Inverse Functions

Notice that this fills the gap in the rule for integrating power functions:

y xn dx −
xn11

n 1 1
1 C        if n ± 21

The missing case sn − 21d is supplied by Formula 8.

Example �11�  Evaluate y 
x

x 2 1 1
 dx.

SOLUTION � We make the substitution u − x 2 1 1 because the differential du − 2x dx 
occurs (except for the constant factor 2). Thus x dx − 1

2 du and

 y 
x

x 2 1 1
 dx − 1

2 y 
du

u
− 1

2 ln | u | 1 C

 − 1
2 ln | x 2 1 1 | 1 C − 1

2 lnsx 2 1 1d 1 C

Notice that we removed the absolute value signs because x 2 1 1 . 0 for all x. We 
could use the Laws of Logarithms to write the answer as

ln sx 2 1 1 1 C

but this isn’t necessary.	 ■

Example �12�  Calculate ye

1
 
ln x

x
 dx.

SOLUTION � We let u − ln x because its differential du − dxyx occurs in the integral. 
When x − 1, u − ln 1 − 0; when x − e, u − ln e − 1. Thus

	 ye

1
 
ln x

x
 dx − y1

0
 u du −

u 2

2 G0

1

−
1

2
	 n

Example �13�  Calculate y tan x dx.

SOLUTION � First we write tangent in terms of sine and cosine:

y tan x dx − y 
sin x

cos x
 dx

This suggests that we should substitute u − cos x, since then du − 2sin x dx and so 
sin x dx − 2du:

  y tan x dx − y 
sin x

cos x
 dx − 2y 

1

u
 du

	  − 2ln | u | 1 C − 2ln | cos x | 1 C	 n

Since 2ln | cos x | − lns| cos x |21d − lns1y|cos x |d − ln | sec x |, the result of Exam­
ple 13 can also be written as

y tan x dx − ln | sec x | 1 C

FIGURE 10

Since the function f sxd − sln xdyx 
in Example 12 is positive for x . 1, 
the integral represents the area of the 
shaded region in Figure 10.

x0

y

0.5

1 e

y= ln x
x

9
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	 Section  6.2*    The Natural Logarithmic Function	 445

Logarithmic Differentiation
The calculation of derivatives of complicated functions involving products, quotients, or 
powers can often be simplified by taking logarithms. The method used in the following  
example is called logarithmic differentiation.

Example �14�  Differentiate y −
x 3y4 sx 2 1 1

s3x 1 2d5
.

SOLUTION � We take logarithms of both sides of the equation and use the Laws of Loga-
rithms to simplify:

ln y − 3
4 ln x 1 1

2 lnsx 2 1 1d 2 5 lns3x 1 2d

Differentiating implicitly with respect to x gives

1

y
 
dy

dx
−

3

4
�

1

x
1

1

2
�

2x

x 2 1 1
2 5 �

3

3x 1 2

Solving for dyydx, we get

  
dy

dx
− yS 3

4x
1

x

x 2 1 1
2

15

3x 1 2D
Because we have an explicit expression for y, we can substitute and write

dy

dx
−

x 3y4 sx 2 1 1

s3x 1 2d5 S 3

4x
1

x

x 2 1 1
2

15

3x 1 2D ■

Steps in Logarithmic Differentiation �

1.	�� Take natural logarithms of both sides of an equation y − f sxd and use the Laws 
of Logarithms to simplify.

2.	� Differentiate implicitly with respect to x.

3.	� Solve the resulting equation for y9.

If f sxd , 0 for some values of x, then ln f sxd is not defined, but we can still use loga­
rithmic differentiation by first writing | y | − | f sxd | and then using Equation 7.

If we hadn’t used logarithmic differen­
tiation in Example 14, we would have 
had to use both the Quotient Rule  
and the Product Rule. The resulting 
calculation would have been  
horrendous.

1–4 � Use the Laws of Logarithms to expand the quantity.

	 1.	 ln sab 	2 .	 ln Î3
x 2 1

x 1 1
 

	3 .	 ln 
x 2

y 3z 4 	4 .	 ln(s 4 st su )

5–10 � Express the quantity as a single logarithm.

	5 .	 2 ln x 1 3 ln y 2 ln z

	6 .	 log10 4 1 log10 a 2 1
3 log10sa 1 1d

	7 .	 ln 10 1 2 ln 5	8 .	 ln 3 1 1
3 ln 8

	9 .	 1
3 lnsx 1 2d3 1 1

2 fln x 2 lnsx 2 1 3x 1 2d2g

	10.	 ln b 1 2 ln c 2 3 ln d

11–14 � Make a rough sketch of the graph of each function. Do 
not use a calculator. Just use the graph given in Figure 4 and, if 
necessary, the transformations of Section 1.3.

	11.	� y − 2ln x	 12.	� y − ln | x |
	13.	 y − lnsx 1 3d	 14.	 y − 1 1 lnsx 2 2d
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446	 chapter  6    Inverse Functions

	50.	� Find y9 if ln xy − y sin x.

	51.	� Find a formula for f sndsxd if f sxd − lnsx 2 1d.

	52.	� Find 
d 9

dx 9 sx 8 ln xd.

53–54 � Use a graph to estimate the roots of the equation correct 
to one decimal place. Then use these estimates as the initial 
approximations in Newton’s method to find the roots correct to 
six decimal places.

	53.	 sx 2 4d2 − ln x	54 .	 lns4 2 x 2 d − x

55–58 � Discuss the curve under the guidelines of Section 3.5.

	55.	 y − lnssin xd	56 .	 y − lnstan2xd

	57.	 y − lns1 1 x 2 d	58 .	 y − lns1 1 x3d

	59.	� �If f sxd − lns2x 1 x sin xd, use the graphs of f , f 9, and f 0 
to estimate the intervals of increase and the inflection points 
of f  on the interval s0, 15g.

	60.	� �Investigate the family of curves f sxd − lnsx 2 1 cd. What  
happens to the inflection points and asymptotes as c 
changes? Graph several members of the family to illustrate 
what you discover.

61–64 � Use logarithmic differentiation to find the derivative of 
the function.

	61.	 y − sx 2 1 2d2sx 4 1 4d4	62 .	 y −
sx 1 1d4sx 2 5d3

sx 2 3d8

	63.	 y − Î x 2 1

x 4 1 1 	64 .	 y −
sx 3 1 1d4 sin2 x

x 1y3

65–74 � Evaluate the integral.

	65.	 y4

2
 
3

x
 dx	66 .	 y3

0
 

dx

5x 1 1

	67.	 y2

1
 

dt

8 2 3t
	68 .	 y9

4
 Ssx 1

1

sx D2

dx

	69.	 ye

1
 
x 2 1 x 1 1

x
 dx	 70.	 y6

e
 

dx

x ln x

	71.	 y 
sln xd2

x
 dx	72 .	 y 

cos x

2 1 sin x
 dx

	73.	 y 
sin 2x

1 1 cos2x
 dx	74 .	 y 

cossln td
t

 dt

	75.	�� Show that y cot x dx − ln | sin x | 1 C by (a) differentiating  
the right side of the equation and (b) using the method of 
Example 13.

;

CAS

;

15–16 � Find the limit.

	15.	 lim
x l

 

31
 lnsx 2 2 9d

	16.	 lim 
x l `

 flns2 1 xd 2 lns1 1 xdg

17–36 � Differentiate the function.

	17.	 f sxd − x 3 ln x	 18.	 f sxd − x ln x 2 x

	19.	 f sxd − sinsln xd	20 .	 f sxd − lnssin2xd

	21.	 f sxd − ln 
1

x
	22 .	 y −

1

ln x

	23.	 f sxd − sin x lns5xd

	24.	 hsxd − lnsx 1 sx 2 2 1 d
	25.	 tsxd − ln 

a 2 x

a 1 x
	26 .	 tstd − s1 1 ln t 

	27.	 Gsyd − ln 
s2y 1 1d5

sy 2 1 1 
	28 .	 Hszd − lnÎ a 2 2 z 2

a 2 1 z 2  

	29.	 Fstd − sln td2 sin t	30 .	 Psvd −
ln v

1 2 v

	31.	 f sud −
ln u

1 1 lns2ud
	32 .	 y − sln tan xd2

	33.	 y − ln |2 2 x 2 5x 2 |	34 .	 y − ln tan2x

	35.	 y − tan flnsax 1 bdg	36 .	 y − lnscsc x 2 cot xd

37–38 � Find y9 and y99.

	37.	 y − sx  ln x	38 .	 y − lns1 1 ln xd

39–42 � Differentiate f  and find the domain of f .

	39.	 f sxd −
x

1 2 lnsx 2 1d
	40 .	 f sxd − lnsx 2 2 2xd

	41.	 f sxd − s1 2 ln x 	42 .	 f sxd − ln ln ln x

	43.	�� If f sxd − lnsx 1 ln xd, find f 9s1d.

	44.	� If f sxd −
ln x

x
, find f 0sed.

45–46 � Find f 9sxd. Check that your answer is reasonable by 
comparing the graphs of f  and f 9.

	45.	 f sxd − sin x 1 ln x	46 .	 f sxd − lnsx 2 1 x 1 1d

47–48 � Find an equation of the tangent line to the curve at the 
given point.

	47.	� y − sins2 ln xd,  s1, 0d	 48.	 y − lnsx 3 2 7d,  s2, 0d

	49.	� Find y9 if y − lnsx 2 1 y 2 d.

;
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	 Section  6.3*    The Natural Exponential Function	 447

Since ln is an increasing function, it is one-to-one and therefore has an inverse function, 
which we denote by exp. Thus, according to the definition of an inverse function,

1 	 expsxd − y &? ln y − x	

and the cancellation equations are

2 �	 expsln xd − x and lnsexp xd − x	

In particular, we have

 exps0d − 1 since ln 1 − 0

 exps1d − e since ln e − 1

f 21sxd − y &? f s yd − x

 f 21s f sxdd − x

f s f 21sxdd − x

	83.	� (a)	 By comparing areas, show that

1
3 , ln 1.5 , 5

12

	 (b)	 Use the Midpoint Rule with n − 10 to estimate ln 1.5.

	84.	� Refer to Example 1.
	 (a)	� Find an equation of the tangent line to the curve y − 1yt 

that is parallel to the secant line AD.
	 (b)	 Use part (a) to show that ln 2 . 0.66.

	85.	� By comparing areas, show that

1

2
1

1

3
1 ∙ ∙ ∙ 1

1

n
, ln n , 1 1

1

2
1

1

3
1 ∙ ∙ ∙ 1

1

n 2 1

	86.	�� Prove the third law of logarithms. [Hint: Start by showing that 
both sides of the equation have the same derivative.]

	87.	� �For what values of m do the line y − mx and the curve 
y − xysx 2 1 1d enclose a region? Find the area of the region.

	88.	� (a)	� Compare the rates of growth of f sxd − x 0.1 and 
tsxd − ln x by graphing both f  and t in several viewing 
rectangles. When does the graph of f  finally surpass the 
graph of t?

	 (b)	� Graph the function hsxd − sln xdyx 0.1 in a viewing rect­
angle that displays the behavior of the function as x l `.

	 (c)	 Find a number N such that

if    x . N        then      
ln x

x 0.1 , 0.1

	89.	� Use the definition of derivative to prove that

lim
x l 0

 
lns1 1 xd

x
− 1

;

	76.	�� Sketch the region enclosed by the curves

y −
ln x

x
    and    y −

sln xd2

x

		�  and find its area.

	77.	� �Find the volume of the solid obtained by rotating the region 
under the curve

y −
1

sx 1 1

		�  from 0 to 1 about the x-axis.

	78.	� �Find the volume of the solid obtained by rotating the region 
under the curve

y −
1

x 2 1 1

		�  from 0 to 3 about the y-axis.

	79.	� �The work done by a gas when it expands from volume V1  
to volume V2 is W − yV2

V1
 P dV, where P − PsV d is the pres­

sure as a function of the volume V. (See Exercise 5.4.29.) 
Boyle’s Law states that when a quantity of gas expands 
at constant temperature, PV − C, where C is a constant. 
If the initial volume is 600 cm3 and the initial pressure is 
150 kPa, find the work done by the gas when it expands at 
constant temperature to 1000 cm3.

	80.	� Find f  if f 0sxd − x 22, x . 0, f s1d − 0, and f s2d − 0.

	81.	� If t is the inverse function of f sxd − 2x 1 ln x, find t9s2d.

	82.	� (a)	� Find the linear approximation to f sxd − ln x near l.
	 (b)	 Illustrate part (a) by graphing f  and its linearization.
	 (c)	� For what values of x is the linear approximation  

accurate to within 0.1?

;

;
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448	 Chapter 6    Inverse Functions

We obtain the graph of y − exp x by reflecting the graph of y − ln x about the line  
y − x. (See Figure 1.) The domain of exp is the range of ln, that is, s2`, `d; the range  
of exp is the domain of ln, that is, s0, `d.

If r is any rational number, then the third law of logarithms gives

 lnserd − r ln e − r

Therefore, by (1), 	  expsrd − er

Thus expsxd − ex whenever x is a rational number. This leads us to define ex, even for 
irrational values of x, by the equation

	 ex − expsxd	

In other words, for the reasons given, we define ex to be the inverse of the function ln x. 
In this notation (1) becomes

3 �	 ex − y &? ln y − x	

and the cancellation equations (2) become

4 �	  e ln x − x x . 0	

5 �	  lnsex d − x for all x	

Example �1�  Find x if ln x − 5.

SOLUTION 1 � From (3) we see that

ln x − 5        means        e 5 − x

Therefore x − e 5.

SOLUTION 2 � Start with the equation

ln x − 5

and apply the exponential function to both sides of the equation:

e ln x − e 5

But (4) says that e ln x − x. Therefore x − e 5.	 ■

Example �2�  Solve the equation e 523x − 10.

y

1

0 x

y=x

y=ln x

y=exp x

1

FIGURE 1
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	 Section  6.3*    The Natural Exponential Function	 449

SOLUTION � We take natural logarithms of both sides of the equation and use (5):

 lnse 523x d − ln 10

 5 2 3x − ln 10

 3x − 5 2 ln 10

 x − 1
3 s5 2 ln 10d

Since the natural logarithm is found on scientific calculators, we can approximate the 
solution: to four decimal places, x < 0.8991.	 ■

The exponential function f sxd − ex is one of the most frequently occurring functions 
in calculus and its applications, so it is important to be familiar with its graph (Figure 2) 
and its properties (which follow from the fact that it is the inverse of the natural logarith­
mic function).

6   Properties of the Natural Exponential Function � The exponential func­
tion f sxd − ex is an increasing continuous function with domain R and range 
s0, `d. Thus ex . 0 for all x. Also

lim
x l2`

 ex − 0            lim
x l `

 ex − `

�So the x-axis is a horizontal asymptote of f sxd − ex.

Example �3�  Find lim
x l `

 
e 2x

e 2x 1 1
.

SOLUTION � We divide numerator and denominator by e 2x:

 lim
x l `

 
e 2x

e 2x 1 1
− lim

x l `
 

1

1 1 e22x −
1

1 1 lim
x l `

 e22x

 −
1

1 1 0
− 1

We have used the fact that t − 22x l 2` as x l ` and so

	 lim
x l `

 e22x − lim 
t l2`

 e t − 0	 ■

We now verify that f sxd − ex has the other properties expected of an exponential 
function.

7   Laws of Exponents� � If x and y are real numbers and r is rational, then

1.  ex1y − exey                    2.  ex2y −
ex

ey                     3.  sex dr − erx

Proof of Law 1�  Using the first law of logarithms and Equation 5, we have

lnsexey d − lnsex d 1 lnsey d − x 1 y − lnsex1y d

Since ln is a one-to-one function, it follows that exey − ex1y.

y=´

x0

1

y

1

FIGURE 2�   
The natural exponential function 

40621_ch06_ptg1_hr_440-449.indd   449 4/21/15   4:32 PM

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



450	 Chapter 6    Inverse Functions

Laws 2 and 3 are proved similarly (see Exercises 107 and 108). As we will see in the 
next section, Law 3 actually holds when r is any real number.	 ■

Differentiation
The natural exponential function has the remarkable property that it is its own derivative.

8 �	
d

dx
 sex d − ex	

Proof � The function y − ex is differentiable because it is the inverse function of 
y − ln x, which we know is differentiable with nonzero derivative. To find its deriva-
tive, we use the inverse function method. Let y − ex. Then ln y − x and, differentiating 
this latter equation implicitly with respect to x, we get

 
1

y
 

dy

dx
− 1

	  
dy

dx
− y − ex	 ■

The geometric interpretation of Formula 8 is that the slope of a tangent line to the curve 
y − ex at any point is equal to the y-coordinate of the point (see Figure 3). This property 
implies that the exponential curve y − ex grows very rapidly (see Exercise 112).

Example �4�  Differentiate the function y − e tan x.

SOLUTION � To use the Chain Rule, we let u − tan x. Then we have y − eu, so

	
dy

dx
−

dy

du
 
du

dx
− eu 

du

dx
− e tan x sec2x	 ■

In general, if we combine Formula 8 with the Chain Rule, as in Example 4, we get

9 	
d

dx
 seu d − eu 

du

dx
	

Example �5�  Find y9 if y − e24x sin 5x.

SOLUTION � Using Formula 9 and the Product Rule, we have

	 y9 − e24xscos 5xds5d 1 ssin 5xde24xs24d − e24xs5 cos 5x 2 4 sin 5xd	 ■

Example �6�  Find the absolute maximum value of the function f sxd − xe2x.

SOLUTION � We differentiate to find any critical numbers:

f 9sxd − xe2xs21d 1 e2xs1d − e2xs1 2 xd

Since exponential functions are always positive, we see that f 9sxd . 0 when 
1 2 x . 0, that is, when x , 1. Similarly, f 9sxd , 0 when x . 1. By the First Deriva-
tive Test for Absolute Extreme Values, f  has an absolute maximum value when x − 1 
and the value is

	 f s1d − s1de21 −
1

e
< 0.37	 ■

0

y

1

x

slope=1

slope=e®

y=e®

{x, e ® }

FIGURE 3

TEC � Visual 6.2/6.3* uses the slope-a-
scope to illustrate this formula.
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	 Section  6.3*    The Natural Exponential Function	 451

Example �7�  Use the first and second derivatives of f sxd − e 1yx, together with asymp- 
totes, to sketch its graph.

SOLUTION � Notice that the domain of f  is hx | x ± 0j, so we check for vertical asymp- 
totes by computing the left and right limits as x l 0. As x l 01, we know that 
t − 1yx l `, so

lim
xl 01

e 1yx − lim
t l `

 e t − `

and this shows that x − 0 is a vertical asymptote. As x l 02, we have  
t − 1yx l 2`, so

lim
xl 02

e 1yx − lim
t l2`

e t − 0

As x l 6`, we have 1yx l 0 and so

lim
xl 6`

e 1yx − e 0 − 1

This shows that y − 1 is a horizontal asymptote (both to the left and right).
Now let’s compute the derivative. The Chain Rule gives

f 9sxd − 2
e 1yx

x 2

Since e 1yx . 0 and x 2 . 0 for all x ± 0, we have f 9sxd , 0 for all x ± 0. Thus f  is 
decreasing on s2`, 0d and on s0, `d. There is no critical number, so the function has no 
local maximum or minimum. The second derivative is

f 0sxd − 2
x 2e 1yxs21yx 2 d 2 e 1yxs2xd

x 4 −
e 1yxs2x 1 1d

x 4

Since e 1yx . 0 and x 4 . 0, we have f 0sxd . 0 when x . 21
2 sx ± 0d and f 0sxd , 0 

when x , 21
2. So the curve is concave downward on s2`, 21

2 d and concave upward on 

s21
2, 0d and on s0, `d. The inflection point is s21

2, e22d.
To sketch the graph of f  we first draw the horizontal asymptote y − 1 (as a dashed 

line), together with the parts of the curve near the asymptotes in a preliminary sketch 
[Figure 4(a)]. These parts reflect the information concerning limits and the fact that f  is 
decreasing on both s2`, 0d and s0, `d. Notice that we have indicated that f sxd l 0 as 
x l 02 even though f s0d does not exist. In Figure 4(b) we finish the sketch by incorpo-
rating the information concerning concavity and the inflection point. In Figure 4(c) we 
check our work with a graphing device.

(a) Preliminary sketch (b) Finished sketch (c) Computer confirmation

4

_1

_3 3

x0

y

y=1

y=‰

inflection
point

x0

y

y=1

FIGURE 4 � 	 n
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452	 Chapter 6    Inverse Functions

Integration
Because the exponential function y − ex has a simple derivative, its integral is also simple:

10 	 y ex dx − ex 1 C	

Example �8�  Evaluate y x 2ex 3
dx.

SOLUTION � We substitute u − x 3. Then du − 3x 2 dx, so x 2 dx − 1
3 du and

	 y x 2ex 3
dx − 1

3 y e
u du − 1

3 eu 1 C − 1
3 ex 3

1 C	 ■

Example �9�  Find the area under the curve y − e23x from 0 to l.

SOLUTION � The area is

	 A − y1

0
 e23x dx − 21

3 e23x g0

1 
− 1

3 s1 2 e23 d	 ■

	 1.	�� Sketch, by hand, the graph of the function f sxd − e x with par-
ticular attention to how the graph crosses the y-axis. What fact 
allows you to do this?

2–4 � Simplify each expression.

	 2.	� (a)	 e ln 15	 (b)	 lns1ye 2d

	 3.	� (a)	 e2ln 2	 (b)	 e lnsln e3d

	4 .	� (a)	 ln e sin x	 (b)	 e x 1 ln x

5–12 � Solve each equation for x.

	5 .	� (a)	 e724x − 6	 (b)	 lns3x 2 10d − 2

	6 .	� (a)	 lnsx 2 2 1d − 3	 (b)	 e 2x 2 3e x 1 2 − 0

	 7.	� (a)	 e 3x11 − k	 (b)	 ln x 1 lnsx 2 1d − 1

	8 .	� (a)	 lnsln xd − 1	 (b)	 ee x
− 10

	9 .	 e 2 e22x − 1	 10.	 10s1 1 e2xd21 − 3

	11.	 e 2x 2 e x 2 6 − 0	 12.	 lns2x 1 1d − 2 2 ln x

13–14 � Find the solution of the equation correct to four decimal 
places.

	13.	� (a)	 lns1 1 x 3d 2 4 − 0	 (b)	 2e 1yx − 42

	14.	� (a)	 lnS x 1 1

x D − 2	 (b)	 e1ysx24d − 7

15–16 � Solve each inequality for x.

	15.	� (a)	 ln x , 0	 (b)	 e x . 5

	16.	� (a)	 1 , e 3x21 , 2	 (b)	 1 2 2 ln x , 3

17–20 � Make a rough sketch of the graph of the function. Do 
not use a calculator. Just use the graph given in Figure 2 and, if 
necessary, the transformations of Section 1.3.

	17.	 y − e2x	 18.	 y − e | x |

	19.	 y − 1 2 1
2 e2x	 20.	 y − 2s1 2 e x d

21–22 � Find (a) the domain of f  and (b) f 21 and its domain.

	21.	� f sxd − s3 2 e 2x 	 22.	 f sxd − lns2 1 ln xd

23–26 � Find the inverse function.

	23.	 y − 2 lnsx 2 1d	 24.	� y − sln xd2,    x > 1

	25.	 f sxd − e x 3
	 26.	 y −

1 2 e2x

1 1 e2x

27–32 � Find the limit.

	27.	 lim
x l `

 
e 3x 2 e23x

e 3x 1 e23x 	 28.	 lim
x l `

 e2x 2
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	 Section  6.3*    The Natural Exponential Function	 453

Then use Newton’s method to find the root correct to eight 
decimal places.

	65.	�� Under certain circumstances a rumor spreads according to  
the equation

pstd −
1

1 1 ae 2k t

		��  where pstd is the proportion of the population that has heard 
the rumor at time t and a and k are positive constants. [In 
Section 9.4 we will see that this is a reasonable equation  
for pstd.]

	 (a)	 Find lim t l ` pstd.
	 (b)	 Find the rate of spread of the rumor.
	 (c)	� Graph p for the case a − 10, k − 0.5 with t measured 

in hours. Use the graph to estimate how long it will take 
for 80% of the population to hear the rumor.

	66.	� �An object is attached to the end of a vibrating spring  
and its displacement from its equilibrium position is 
y − 8e2ty2 sin 4t, where t is measured in seconds and y is  
measured in centimeters.

	 (a)	� Graph the displacement function together with the  
functions y − 8e2ty2 and y − 28e2ty2. How are these 
graphs related? Can you explain why?

	 (b)	� Use the graph to estimate the maximum value of the 
displacement. Does it occur when the graph touches the 
graph of y − 8e2ty2?

	 (c)	� What is the velocity of the object when it first returns to 
its equilibrium position?

	 (d)	� Use the graph to estimate the time after which the dis-
placement is no more than 2 cm from equilibrium.

	67.	� �Find the absolute maximum value of the function 
f sxd − x 2 e x.

	68.	� �Find the absolute minimum value of the function  
tsxd − e xyx, x . 0.

�69–70 � Find the absolute maximum and absolute minimum 
values of f  on the given interval.

	69.	� f sxd − xe2x2y8,    f21, 4g

	70.	� f sxd − xe xy2,    f23, 1g

71–72 � Find (a) the intervals of increase or decrease, (b) the 
intervals of concavity, and (c) the points of inflection.

	71.	 f sxd − s1 2 xde2x	7 2.	 f sxd −
e x

x 2

73–75 � Discuss the curve using the guidelines of Section 3.5.

	73.	 y − e21ysx11d	74 .	 y − e2 x 2 e x

	75.	 y − 1ys1 1 e 2x d

;

;

	29.	 lim
x l

 

21
 e 3ys22xd	 30.	 lim

x l
 

22
 e 3ys22xd

	31.	 lim
x l `

 se22x cos xd	 32.	 lim
x l s�y2d1

e tan x

33–52 � Differentiate the function.

	33.	 f sxd − e 5	 34.	 ksrd − e r 1 r e

	35.	 f sxd − s3x 2 2 5xde x	 36.	 y −
e x

1 2 e x

	37.	 y − e ax 3
	 38.	 tsxd − e x 22x

	39.	 y − e tan �	4 0.	 Vstd −
4 1 t

te t

	41.	 f sxd −
x 2e x

x 2 1 e x 	4 2.	 y − x 2e21yx

	43.	 y − x 2e23x	44 .	 f std − tans1 1 e 2 td

	45.	 f std − e at sin bt	46 .	 f szd − e zysz21d

	47.	 Fstd − et sin 2 t	48 .	 y − e sin 2x 1 sinse 2xd

	49.	 tsud − e ssec u2 

	5 0.	 y − s1 1 xe22x 

	51.	 y − cosS 1 2 e2x

1 1 e2xD	5 2.	 f std − sin2se sin2 t d

53–54 � Find an equation of the tangent line to the curve at the 
given point.

	53.	 y − e2x cos �x, s0, 1d	54 .	� y −
e x

x
,    s1, ed

	55.	�� Find y9 if e xyy − x 2 y.

	56.	� �Find an equation of the tangent line to the curve 
xe y 1 ye x − 1 at the point s0, 1d.

	57.	�� Show that the function y − e x 1 e2x / 2 satisfies the differen-
tial equation 2y0 2 y9 2 y − 0.

	58.	� �Show that the function y − Ae2x 1 Bxe2x satisfies the dif-
ferential equation y0 1 2y9 1 y − 0.

	59.	�� For what values of r does the function y − erx satisfy the  
differential equation y99 1 6y9 1 8y − 0?

	60.	� �Find the values of � for which y − e �x satisfies the equa-
tion y 1 y9 − y0.

	61.	� If f sxd − e 2x, find a formula for f sndsxd.

	62.	� Find the thousandth derivative of f sxd − xe2x.

	63.	� (a)	� Use the Intermediate Value Theorem to show that there 
is a root of the equation e x 1 x − 0.

	 (b)	� Use Newton’s method to find the root of the equation in 
part (a) correct to six decimal places.

	64.	�� Use a graph to find an initial approximation (to one decimal 
place) to the root of the equation 4e2x 2

sin x − x 2 2 x 1 1. 
;
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454	 chapter  6    Inverse Functions

		�  � − 0. So we study the function

f sxd − e2x 2ys2� 2d

	 (a)	� Find the asymptote, maximum value, and inflection 
points of f.

	 (b)	 What role does � play in the shape of the curve? 
	 (c)	� Illustrate by graphing four members of this family on 

the same screen.

83–94 � Evaluate the integral.

	8 3.	 y1

0
 sx e 1 e xd dx	84 .	 y5

25
 e dx

	85 .	 y2

0
 

dx

e�x 	86 .	 y x 2 ex3 

dx

	87 .	 y e x s1 1 e x  dx	88 .	 y 
s1 1 e xd2

e x  dx

	89 .	 y se x 1 e2xd2 dx	9 0.	 y e xs4 1 e xd5 dx

	9 1.	 y 
e u

s1 2 e ud2  du	9 2.	 y esin � cos � d�

	 93.	 y2

1
 
e1yx

x 2  dx	94 .	 y1

0
 
s1 1 e2x 

e x  dx

	95 .	� �Find, correct to three decimal places, the area of the region 
bounded by the curves y − e x, y − e 3x, and x − 1.

	96 .	� ����Find f sxd if f 0sxd − 3e x 1 5 sin x, f s0d − 1, and 
f 9s0d − 2.

	97 .	�� Find the volume of the solid obtained by rotating about the  
x-axis the region bounded by the curves y − e x, y − 0, 
x − 0, and x − 1.

	 98.	�� Find the volume of the solid obtained by rotating about the 
		��  �y-axis the region bounded by the curves y − e2x2

, y − 0, 
x − 0, and x − 1.

	99 .	�� The error function

erfsxd −
2

s�  
 y x

0
 e2t 2

 dt

		��  is used in probability, statistics, and engineering. Show that 
yb
a e

2t 2
 dt − 1

2 s�  
 

ferfsbd 2 erfsadg.

	100.	� �Show that the function y − e x 2

erfsxd satisfies the differen-
tial equation y9 − 2xy 1 2ys�  

 

.

	101.	�� An oil storage tank ruptures at time t − 0 and oil leaks 
from the tank at a rate of rstd − 100e20.01t liters per 
minute. How much oil leaks out during the first hour?

	102.	�� A bacteria population starts with 400 bacteria and grows at 
a rate of rstd − s450.268de1.12567t bacteria per hour. How 
many bacteria will there be after three hours?

;

	76.	� �Let tsxd − e cx 1 f sxd and hsxd − ekx f sxd, where f s0d − 3, 
f 9s0d − 5, and f 99s0d − 22.

	 (a)	� Find t9s0d and t99s0d in terms of c.
	 (b)	� In terms of k, find an equation of the tangent line to the 

graph of h at the point where x − 0.

	77.	� �A drug response curve describes the level of medication in  
the bloodstream after a drug is administered. A surge func- 
tion Sstd − At pe2kt is often used to model the response 
curve, reflecting an initial surge in the drug level and then 
a more gradual decline. If, for a particular drug, A − 0.01, 
p − 4, k − 0.07, and t is measured in minutes, estimate 
the times corresponding to the inflection points and explain 
their significance. If you have a graphing device, use it to 
graph the drug response curve.

	78.	� �After an antibiotic tablet is taken, the concentration of the 
antibiotic in the bloodstream is modeled by the function

Cstd − 8se20.4 t 2 e20.6 t d

		��  where the time t is measured in hours and C is measured in  
mgymL. What is the maximum concentration of the anti-
biotic during the first 12 hours?

	79.	� �After the consumption of an alcoholic beverage, the con-
centration of alcohol in the bloodstream (blood alcohol 
concentration, or BAC) surges as the alcohol is absorbed, 
followed by a gradual decline as the alcohol is metabolized. 
The function

Cstd − 1.35te22.802 t

models the average BAC, measured in mgymL, of a group 
of eight male subjects t hours after rapid consumption of  
15 mL of ethanol (corresponding to one alcoholic drink). 
What is the maximum average BAC during the first  
3 hours? When does it occur?
Source: Adapted from P. Wilkinson et al., “Pharmacokinetics of Ethanol after 
Oral Administration in the Fasting State,” Journal of Pharmacokinetics and 
Biopharmaceutics 5 (1977): 207–24.

80–81 � Draw a graph of f  that shows all the important aspects of 
the curve. Estimate the local maximum and minimum values and 
then use calculus to find these values exactly. Use a graph of f 0 
to estimate the inflection points.

	80.	 f sxd − e cos x	8 1.	 f sxd − e x 32x

	82.	� The family of bell-shaped curves

y −
1

�s2� 
 e2sx2�d2ys2� 2d

occurs in probability and statistics, where it is called the 
normal density function. The constant � is called the mean 
and the positive constant � is called the standard deviation. 
For simplicity, let’s scale the function so as to remove the 

factor 1ys�s2� d and let’s analyze the special case where 

;
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	109.	�� (a)	� Show that e x > 1 1 x if x > 0. 
[Hint: Show that f sxd − e x 2 s1 1 xd is increasing  
for x . 0.]

	 (b)	 Deduce that 43 < y1
0 e

x2  

dx < e.

	110.	�� (a)	� Use the inequality of Exercise 109(a) to show that, for 
x > 0,

e x > 1 1 x 1 1
2 x 2

	 (b)	� Use part (a) to improve the estimate of y1
0 e

x2
dx given 

in Exercise 109(b).

	111.	�� (a)	� Use mathematical induction to prove that for x > 0 
and any positive integer n,

e x > 1 1 x 1
x 2

2!
1 ∙ ∙ ∙ 1

x n

n!

	 (b)	 Use part (a) to show that e . 2.7.
	 (c)	 Use part (a) to show that

lim 
x l `

 
e x

x k − `

		  for any positive integer k.

112.	�� This exercise illustrates Exercise 111(c) for the case 
k − 10.

	 (a)	� Compare the rates of growth of f sxd − x 10 and 
tsxd − e x by graphing both f  and t in several viewing 
rectangles. When does the graph of t finally surpass 
the graph of f ?

	 (b)	� Find a viewing rectangle that shows how the function 
hsxd − e xyx 10 behaves for large x.

	 (c)	 Find a number N such that

if    x . N        then      
e x

x 10 . 1010

;

	103.	�� Dialysis treatment removes urea and other waste products 
from a patient’s blood by diverting some of the bloodflow 
externally through a machine called a dialyzer. The rate at 
which urea is removed from the blood (in mgymin) is 
often well described by the equation

ustd −
 r

V
 C0 e2rtyV

		��  where r is the rate of flow of blood through the dialyzer (in 
mLymin), V is the volume of the patient’s blood (in mL), 
and C0 is the amount of urea in the blood (in mg) at time 
t − 0. Evaluate the integral y30

0  ustd dt and interpret it.

	104.	�� The rate of growth of a fish population was modeled by the 
equation

Gstd −
60,000e20.6t

s1 1 5e20.6 t d2

		��  where t is measured in years and G in kilograms per year. 
If the biomass was 25,000 kg in the year 2000, what is the 
predicted biomass for the year 2020?

105.	�� If you graph the function

f sxd −
1 2 e 1yx

1 1 e 1yx

		�  you’ll see that f  appears to be an odd function. Prove it.

106.	�� Graph several members of the family of functions

f sxd −
1

1 1 ae bx

		��  where a . 0. How does the graph change when b 
changes? How does it change when a changes?

	107.	�� Prove the second law of exponents [see (7)].

	108.	�� Prove the third law of exponents [see (7)].

;

;

In this section we use the natural exponential and logarithmic functions to study expo-
nential and logarithmic functions with base b . 0.

General Exponential Functions
If b . 0 and r is any rational number, then by (4) and (7) in Section 6.3*,

br − se ln b dr − er ln b

Therefore, even for irrational numbers x, we define

1 	 bx − ex ln b	

Thus, for instance,

2s3 

− es3  ln 2 < e1.20 < 3.32
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456	 Chapter 6    Inverse Functions

The function f sxd − bx is called the exponential function with base b. Notice that bx  
is positive for all x because ex is positive for all x.

Definition 1 allows us to extend one of the laws of logarithms. We already know that 
lnsbrd − r ln b when r is rational. But if we now let r be any real number we have, from 
Definition 1, 

ln br − lnser ln b d − r ln b

Thus

2 	 ln br − r ln b for any real number r	

The general laws of exponents follow from Definition 1 together with the laws of expo-
nents for ex.

3 �  Laws of Exponents � If x and y are real numbers and a, b . 0, then

1.  bx1y − bxby          2.  bx2y −
bx

by           3.  sbx dy − bxy          4.  sabdx − axbx

Proof

1.�  Using Definition 1 and the laws of exponents for ex, we have

 bx1y − e sx1yd ln b − ex ln b 1 y ln b

 − ex ln be y ln b − bxby

3. � Using Equation 2 we obtain

 sbx dy − ey lnsb xd − eyx ln b − exy ln b − bxy

The remaining proofs are left as exercises.	 ■

The differentiation formula for exponential functions is also a consequence of Defi
nition 1:

4 �	
d

dx
 sbx d − bx ln b	

Proof

	  
d

dx
 sbx d −

d

dx
 sex ln b d − ex ln b 

d

dx
 sx ln bd − bx ln b	 ■

Notice that if b − e, then ln e − 1 and Formula 4 simplifies to a formula that we 
already know: sdydxd ex − ex. In fact, the reason that the natural exponential function is 
used more often than other exponential functions is that its differentiation formula is  
simpler.

Example �1�  In Example 2.7.6 we considered a population of bacteria cells in a homo-
geneous nutrient medium. We showed that if the population doubles every hour, then the 
population after t hours is

n − n02t
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where n0 is the initial population. Now we can use (4) to compute the growth rate:

dn

dt
− n02t ln 2

For instance, if the initial population is n0 − 1000 cells, then the growth rate after two 
hours is

 
dn

dt Z
t−2

− s1000d2t ln 2 |t−2

	  − 4000 ln 2 < 2773 cellsyh	 ■

Example �2�  Combining Formula 4 with the Chain Rule, we have

	
d

dx
 (10 x2) − 10 x2sln 10d 

d

dx
 sx 2 d − s2 ln 10dx10 x2

	 n

Exponential Graphs
If b . 1, then ln b . 0, so sdydxd bx − bx ln b . 0, which shows that y − bx is increas-
ing (see Figure 1). If 0 , b , 1, then ln b , 0 and so y − bx is decreasing (see Figure 2).

x

lim  b ®=0,  lim b ®=`
x _` x `

0

y

1

x

lim  b ®=`,  lim b ®=0
x _` x `

0

y

1

      

x

lim  b ®=0,  lim b ®=`
x _` x `

0

y

1

x

lim  b ®=`,  lim b ®=0
x _` x `

0

y

1

FIGURE 1�  y − b x, b . 1	 FIGURE 2�  y − b x, 0 , b , 1

Notice from Figure 3 that as the base b gets larger, the exponential function grows 
more rapidly (for x . 0).

x0

y

2

y=2®

4

y=≈

100

200

6x0

y

2 4

10

y=2®

y=≈

x0

y

1

1®

1.5®
2®4®10®”   ’®1

2 ”   ’®1
4

FIGURE 3� 	  FIGURE 4	 FIGURE 5
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458	 Chapter 6    Inverse Functions

Figure 4 (on page 457) shows how the exponential function y − 2x compares with  
the power function y − x 2. The graphs intersect three times, but ultimately the exponen-
tial curve y − 2x grows far more rapidly than the parabola y − x 2. (See also Figure 5.)

In Section 6.5 we will show how exponential functions occur in the description 
of  population growth and radioactive decay. Let’s look at human population growth. 
Table 1 shows data for the population of the world in the 20th century, and Figure 6 
shows the corresponding scatter plot.

5x10'

P

t20 40 60 80 100 1200

Years since 1900

The pattern of the data points in Figure 6 suggests exponential growth, so we use a 
graphing calculator with exponential regression capability to apply the method of least 
squares and obtain the exponential model

P − s1436.53d � s1.01395d t

where t − 0 corresponds to the year 1900. Figure 7 shows the graph of this exponential 
function together with the original data points. We see that the exponential curve fits the 
data reasonably well. The period of relatively slow population growth is explained by the 
two world wars and the Great Depression of the 1930s.

5x10'

20 40 60 80 100 120

P

t0

Years since 1900

In 1995 a paper appeared detailing the effect of the protease inhibitor ABT-538 on the 
human immunodeficiency virus HIV-1.1 Table 2 shows values of the plasma viral load 

t
(years since 1900)

Population 
(millions)

0 1650
10 1750
20 1860
30 2070
40 2300
50 2560
60 3040
70 3710
80 4450
90 5280

100 6080
110 6870

Table 1�

figure 6 � 
Scatter plot for world  

population growth

FIGURE 7 � 
Exponential model for  

population growth

1. D. Ho et al., “Rapid Turnover of Plasma Virions and CD4 Lymphocytes in HIV-1 Infection,” Nature 373 
(1995): 123–26.
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	 Section  6.4*    General Logarithmic and Exponential Functions	 459

Vstd of patient 303, measured in RNA copies per mL, t days after ABT-538 treatment was 
begun. The corresponding scatter plot is shown in Figure 8.

R
N

A
 c

op
ie

s 
/ m

L

0

V

10 20 30

20

40

60

t (days)

Figure 8�  Plasma viral load in patient 303

The rather dramatic decline of the viral load that we see in Figure 8 reminds us of 
the graphs of the exponential function y − bx in Figures 2 and 3 for the case where the 
base b is less than 1. So let’s model the function Vstd by an exponential function. Using 
a graphing calculator or computer to fit the data in Table 2 with an exponential function 
of the form y − a � bt, we obtain the model

V − 96.39785 � s0.818656dt

In Figure 9 we graph this exponential function with the data points and see that the model 
represents the viral load reasonably well for the first month of treatment.
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A
 c

op
ie
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V

10 20 30

20

40

60

t (days)

We could use the graph in Figure 9 to estimate the half-life of V, that is, the time 
required for the viral load to be reduced to half its initial value (see Exercise 63).

Exponential Integrals
The integration formula that follows from Formula 4 is

y bx dx −
bx

ln b
1 C        b ± 1

Example �3� 	  y5

0
 2x dx −

2x

ln 2G0

5

−
25

ln 2
2

20

ln 2
−

31

ln 2
	 n

The Power Rule versus the Exponential Rule
Now that we have defined arbitrary powers of numbers, we are in a position to prove the 
general version of the Power Rule, as promised in Section 2.3.

Table 2

t (days) Vstd

	 1 	 76.0

	 4 	 53.0

	 8 	 18.0

11 	 9.4

15 	 5.2

22 	 3.6

Figure 9 
�Exponential model for viral load
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460	 Chapter 6    Inverse Functions

The Power Rule � If n is any real number and f sxd − xn, then

f 9sxd − nxn21

Proof � Let y − xn and use logarithmic differentiation:

ln | y | − ln | x |n − n ln | x |        x ± 0

�Therefore	
y9

y
−

n

x

�Hence	 y9 − n 
y

x
− n 

xn

x
− nxn21	 ■

You should distinguish carefully between the Power Rule fsdydxd xn − nxn21 g, where 
the base is variable and the exponent is constant, and the rule for differentiating exponen-
tial functions fsdydxd bx − bx ln bg, where the base is constant and the exponent is  
variable.

In general there are four cases for exponents and bases:

1.	�
d

dx
 sbnd − 0        (b and n are constants)

2.	�
d

dx
 f f sxdgn − nf f sxdgn21 f 9sxd

3.	�
d

dx
 fb tsxdg − b tsxdsln bdt9sxd

4.	� �To find sdydxdf f sxdg tsxd, logarithmic differentiation can be used, as in the next 
example.

Example �4�  Differentiate y − xsx 

.

SOLUTION 1 � Since both the base and the exponent are variable, we use logarithmic 
differentiation:

 ln y − ln xsx 

− sx  ln x

 
 y9

y
− sx �

1

x
1 sln xd 

1

2sx 
 

 y9 − yS 1

sx 
1

ln x

2sx D − xsx S 2 1 ln x

2sx D
SOLUTION 2 � Another method is to write xsx 

− se ln x dsx 

:

d

dx
 sxsx d −

d

dx
 sesx  ln x d − esx  ln x 

d

dx
 ssx  ln xd

	 − xsx S 2 1 ln x

2sx D        (as in Solution 1)	 ■

If x − 0, we can show that f 9s0d − 0 
for n . 1 directly from the definition  
of a derivative.

Constant base, constant exponent

Variable base, constant exponent

Constant base, variable exponent

Variable base, variable exponent

1

1

f

f ª

x0

y

FIGURE 10

Figure 10 illustrates Example 4 by 
showing the graphs of f sxd − x sx and 
its derivative.
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	 Section  6.4*    General Logarithmic and Exponential Functions	 461

General Logarithmic Functions
If b . 0 and b ± 1, then f sxd − bx is a one-to-one function. Its inverse function is called 
the logarithmic function with base b and is denoted by log b. Thus

5 �	 logb x − y &? by − x	

In particular, we see that
loge x − ln x

The cancellation equations for the inverse functions logb x and bx are

b logb x − x        and        logbsbx d − x

Figure 11 shows the case where b . 1. (The most important logarithmic functions have  
base b . 1.) The fact that y − bx is a very rapidly increasing function for x . 0 is  
reflected in the fact that y − logb x is a very slowly increasing function for x . 1.

Figure 12 shows the graphs of y − logb x with various values of the base  b . 1. Since 
logb 1 − 0, the graphs of all logarithmic functions pass through the point s1, 0d.

0

y

1

x1

y=log£ x

y=log™ x

y=log∞ x
y=log¡¸ x

The Laws of Logarithms are similar to those for the natural logarithm and can be 
deduced from the Laws of Exponents (see Exercise 69).

The following formula shows that logarithms with any base can be expressed in terms 
of the natural logarithm.

6 � � Change of Base Formula  For any positive number b sb ± 1d, we have

logb x −
ln x

ln b
 

Proof � Let y − logb x. Then, from (5), we have by − x. Taking natural logarithms of 
both sides of this equation, we get y ln b − ln x. Therefore

	 y −
ln x

ln b
	 ■

Scientific calculators have a key for natural logarithms, so Formula 6 enables us to use 
a calculator to compute a logarithm with any base (as shown in the following example). 
Similarly, Formula 6 allows us to graph any logarithmic function on a graphing calcula-
tor or computer (see Exercises 14–16).

FIGURE 11

0

y=x

y=b®,  b>1

y=logb x,  b>1

y

x

FIGURE 12
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462	 Chapter 6    Inverse Functions

Example �5�  Evaluate log8 5 correct to six decimal places.

SOLUTION � Formula 6 gives

	 log8 5 −
ln 5

ln 8
< 0.773976	

■

Formula 6 enables us to differentiate any logarithmic function. Since ln b is a con-
stant, we can differentiate as follows:

d

dx
 slogb xd −

d

dx
 S ln x

ln bD −
1

ln b
 

d

dx
 sln xd −

1

x ln b

7 	
d

dx
 slogb xd −

1

x ln b
	

Example �6�  Using Formula 7 and the Chain Rule, we get

 
d

dx
 log10s2 1 sin xd −

1

s2 1 sin xd ln 10
 

d

dx
 s2 1 sin xd

	  −
cos x

s2 1 sin xd ln 10
	 ■

From Formula 7 we see one of the main reasons that natural logarithms (logarithms 
with base e) are used in calculus: the differentiation formula is simplest when b − e 
because ln e − 1.

The Number e as a Limit
We have shown that if f sxd − ln x, then f 9sxd − 1yx. Thus f 9s1d − 1. We now use this 
fact to express the number e as a limit.

From the definition of a derivative as a limit, we have

  f 9s1d − lim
h l 0

 
 f s1 1 hd 2 f s1d

h
− lim

x l 0
 
 f s1 1 xd 2 f s1d

x

 − lim
x l 0

 
lns1 1 xd 2 ln 1

x
− lim

x l 0
 
1

x
 lns1 1 xd

 − lim
x l 0

 lns1 1 xd1yx

Because f 9s1d − 1, we have

lim
x l 0

 lns1 1 xd1yx − 1

Then, by Theorem 1.8.8 and the continuity of the exponential function, we have

e − e1 − elim x l 0 lns11xd1yx

− lim
x l 0

 elns11xd1yx

− lim
x l 0

 s1 1 xd1yx

8 �	 e − lim
x l 0

 s1 1 xd1yx

Notation for Logarithms
Most textbooks in calculus and the 
sciences, as well as calculators,  
use the notation ln x for the natural 
logarithm and log x for the “common 
logarithm,” log10 x. In the more 
advanced mathematical and scientific 
literature and in computer languages, 
however, the notation log x usually 
denotes the natural logarithm.
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	 Section  6.4*    General Logarithmic and Exponential Functions	 463

Formula 8 is illustrated by the graph of the function y − s1 1 xd1yx in Figure 13 and 
a table of values for small values of x.

2

3
y=(1+x)!?®

1

0

y

x

If we put n − 1yx in Formula 8, then n l ` as x l 01 and so an alternative expres-
sion for e is

9 �	 e − lim
n l `

 S1 1
1

nDn

FIGURE 13

x s1 1 xd1yx

0.1 2.59374246
0.01 2.70481383
0.001 2.71692393
0.0001 2.71814593
0.00001 2.71826824
0.000001 2.71828047
0.0000001 2.71828169
0.00000001 2.71828181

	 1.	� �(a)	�� Write an equation that defines b x when b is a positive 
number and x is a real number.

	 (b)	 What is the domain of the function f sxd − b x?
	 (c)	 If b ± 1, what is the range of this function?
	 (d)	� Sketch the general shape of the graph of the exponential 

function for each of the following cases.
		  (i)  b . 1            (ii)  b − 1            (iii)  0 , b , 1

	 2.	� (a)	� If b is a positive number and b ± 1, how is logb x 
defined?

	 (b)	 What is the domain of the function f sxd − logb x?
	 (c)	 What is the range of this function?
	 (d)	� If b . 1, sketch the general shapes of the graphs of 

y − logb x and y − b x with a common set of axes.

3–6 � Write the expression as a power of e.

	 3.	 42�	4 .	 x s5 

	5 .	 10 x 2
	6 .	 stan xdsec x

7–10 � Evaluate the expression.

	 7.	� (a)	 log2 32	 (b)	 log8 2

	 8.	� (a)	 log10 s10 	 (b)	 log8 320 2 log8 5

	 9.	� (a)	 log10 40 1 log10 2.5

	 (b)	 log 8 60 2 log 8 3 2 log 8 5

	10.	� (a)	 log a 
1

a
	 (b)	 10 slog10 41log10 7d

11–12 � Graph the given functions on a common screen. How are 
these graphs related?

	11.	� y − 2x,    y − e x,    y − 5x,    y − 20 x

	12.	� y − 3x,    y − 10 x,    y − ( 1
3)x

,    y − ( 1
10 )x

�	13.	�� Use Formula 6 to evaluate each logarithm correct to six 
decimal places.

	 (a)	 log5 10	 (b)	log3 57	 (c)	 log2 �

14–16 � Use Formula 6 to graph the given functions on a com-
mon screen. How are these graphs related?

	14.	� y − log2 x,    y − log4 x,    y − log6 x,    y − log8 x

	15.	� y − log1.5 x,    y − ln x,    y − log10 x,    y − log50 x

	16.	� y − ln x,    y − log10 x,    y − e x,    y − 10 x

17–18 � Find the exponential function f sxd − Cb x whose graph  
is given.

	17.	

0

(1, 6)

(3, 24)
y

x

(_1, 3)

”1,    ’4
3

0

y

x

	 18.	

”2,    ’2
9

0

2

y

x

;

;
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464	 chapter  6    Inverse Functions

	51.	� �Find the area of the region bounded by the curves y − 2x, 
y − 5x, x − 21, and x − 1.

	52.	�� The region under the curve y − 102x from x − 0 to x − 1 
is rotated about the x-axis. Find the volume of the resulting 
solid.

	53.	�� Use a graph to find the root of the equation 2x − 1 1 32x 
correct to one decimal place. Then use this estimate as the 
initial approximation in Newton’s method to find the root 
correct to six decimal places.

	54.	� Find y9 if x y − y x.

	55.	�� Find the inverse function of tsxd − log4sx 3 1 2d.

	56.	� Calculate limx l 01 x2ln x.

	57.	�� The geologist C. F. Richter defined the magnitude of an  
earthquake to be log10sIyS d, where I is the intensity of the  
quake (measured by the amplitude of a seismograph 100 
km from the epicenter) and S is the intensity of a “stan-
dard” earthquake (where the amplitude is only 1 micron
− 1024 cm). The 1989 Loma Prieta earthquake that shook 

San Francisco had a magnitude of 7.1 on the Richter scale. 
The 1906 San Francisco earthquake was 16 times as intense. 
What was its magnitude on the Richter scale?

	58.	� �A sound so faint that it can just be heard has intensity 
I0 − 10212 wattym2 at a frequency of 1000 hertz (Hz). The 
loudness, in decibels (dB), of a sound with intensity I is 
then defined to be L − 10 log10sIyI0 d. Amplified rock music 
is measured at 120 dB, whereas the noise from a motor-
driven lawn mower is measured at 106 dB. Find the ratio of 
the intensity of the rock music to that of the mower.

	59.	�� Referring to Exercise 58, find the rate of change of the 
loudness with respect to the intensity when the sound is 
measured at 50 dB (the level of ordinary conversation).

	60.	� �According to the Beer-Lambert Law, the light intensity  
at a depth of x meters below the surface of the ocean is 
Isxd − I0 a x, where I0 is the light intensity at the surface and  
a is a constant such that 0 , a , 1.

	 (a)	� Express the rate of change of Isxd with respect to x in 
terms of Isxd.

	 (b)	� If I0 − 8 and a − 0.38, find the rate of change of inten-
sity with respect to depth at a depth of 20 m.

	 (c)	� Using the values from part (b), find the average light 
intensity between the surface and a depth of 20 m.

	61.	� �After the consumption of an alcoholic beverage, the con-
centration of alcohol in the bloodstream (blood alcohol 
concentration, or BAC) surges as the alcohol is absorbed, 
followed by a gradual decline as the alcohol is metabolized. 
The function 

Cstd − 1.35te22.802 t

models the average BAC, measured in mgymL, of a group 
of eight male subjects t hours after rapid consumption of  
15 mL of ethanol (corresponding to one alcoholic drink). 

;

	19.	� (a)	�� Suppose the graphs of f sxd − x 2 and tsxd − 2x are 
drawn on a coordinate grid where the unit of measure-
ment is 1 inch. Show that, at a distance 2 ft to the right 
of the origin, the height of the graph of f  is 48 ft but the 
height of the graph of t is about 265 mi.

	 (b)	� Suppose that the graph of y − log2 x is drawn on a  
coordinate grid where the unit of measurement is an 
inch. How many miles to the right of the origin do we 
have to move before the height of the curve reaches 3 ft?

	20.	� �Compare the rates of growth of the functions f sxd − x 5 and 
tsxd − 5x by graphing both functions in several viewing 
rectangles. Find all points of intersection of the graphs cor-
rect to one decimal place.

21–24 � Find the limit.

	21.	 lim
x l `

 s1.001dx	 22.	 lim
x l 2`

 s1.001dx

	23.	 lim
t l `

 22t2

	24.	 lim
x l31

 log10sx 2 2 5x 1 6d

25–42 � Differentiate the function.

	25.	 f sxd − x 5 1 5 x	 26.	 tsxd − x sins2 xd

	27.	 Gsxd − 4 Cyx	 28.	 Fstd − 3cos 2t

	29.	 Lsvd − tan(4 v 2)	 30.	 Gsud − s1 1 10 ln ud6

	31.	 f sxd − log2s1 2 3xd	 32.	 f sxd − log10 sx 

	33.	 y − x log4 sin x	 34.	 y − log2 sx log5 xd

	35.	 y − x x	 36.	 y − x cos x

	37.	 y − x sin x	 38.	 y − (sx )x

	39.	 y − scos xdx	4 0.	 y − ssin xd ln x

	41.	 y − stan xd1yx	4 2.	 y − sln xdcos x

	43.	�� Find an equation of the tangent line to the curve y − 10 x at 
the point s1, 10d.

	44.	� ��If f sxd − x cos x, find f 9sxd. Check that your answer is rea-
sonable by comparing the graphs of f  and f 9.

45–50 � Evaluate the integral.

	45.	 y4

0
 2s ds	46 .	 y sx 5 1 5x d dx

	47.	 y 
log10 x

x
 dx	4 8.	 y x2x2

dx

	49.	 y 3sin � cos � d�	5 0.	 y 
2 x

2 x 1 1
 dx

;

;
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	 Section  6.4*    General Logarithmic and Exponential Functions	 465

	65.	� �The flash unit on a camera operates by storing charge on a 
capacitor and releasing it suddenly when the flash is set off. 
The following data describe the charge Q remaining on the 
capacitor (measured in microcoulombs, mC) at time t (mea- 
sured in seconds).

t 	 0.00 	 0.02 	 0.04 	 0.06 	 0.08 	 0.10

Q 100.00 81.87 67.03 54.88 44.93 36.76

	 (a)	� Use a graphing calculator or computer to find an expo-
nential model for the charge.

	 (b)	� The derivative Q9std represents the electric current 
(measured in microamperes, mA) flowing from the 
capacitor to the flash bulb. Use part (a) to estimate the 
current when t − 0.04 s. Compare with the result of 
Example 1.4.2.

	66.	�� �The table gives the US population from 1790 to 1860.

Year Population Year Population

1790 3,929,000 1830 12,861,000
1800 5,308,000 1840 17,063,000
1810 7,240,000 1850 23,192,000
1820 9,639,000 1860 31,443,000

	 (a)	� Use a graphing calculator or computer to fit an expo-
nential function to the data. Graph the data points and 
the exponential model. How good is the fit?

	 (b)	� Estimate the rates of population growth in 1800 and 
1850 by averaging slopes of secant lines.

	 (c)	� Use the exponential model in part (a) to estimate the 
rates of growth in 1800 and 1850. Compare these esti-
mates with the ones in part (b).

	 (d)	� Use the exponential model to predict the popula-
tion in 1870. Compare with the actual population of 
38,558,000. Can you explain the discrepancy?

	67.	� Prove the second law of exponents [see (3)].

	68.	� Prove the fourth law of exponents [see (3)].

	69.	� Deduce the following laws of logarithms from (3) :
	 (a)	 logbsxyd − logb  x 1 logb  y
	 (b)	 logbsxyyd − logb  x 2 logb  y
	 (c)	 logbsx y d − y logb  x

	70.	� Show that lim
n l `

 S1 1
x

nDn

− e x for any x . 0.

;

;

What is the maximum average BAC during the first 
3 hours? When does it occur?
Source: Adapted from P. Wilkinson et al., “Pharmacokinetics of Ethanol after 
Oral Administration in the Fasting State,” Journal of Pharmacokinetics and 
Biopharmaceutics 5 (1977): 207–24.

	62.	�� In this section we modeled the world population from 1900 
to 2010 with the exponential function

Pstd − s1436.53d � s1.01395d t

		��  where t − 0 corresponds to the year 1900 and Pstd is 
measured in millions. According to this model, what was 
the rate of increase of world population in 1920? In 1950? 
In 2000?

	63.	�� Use the graph of V in Figure 9 to estimate the half-life of 
the viral load of patient 303 during the first month of  
treatment.

	64.	� �A researcher is trying to determine the doubling time for 
a population of the bacterium Giardia lamblia. He starts 
a culture in a nutrient solution and estimates the bacteria 
count every four hours. His data are shown in the table.

Time (hours) 0 4 8 12 16 20 24

Bacteria count
sCFUymLd 37 47 63 78 105 130 173

	 (a)	� Make a scatter plot of the data.
	 (b)	� Use a graphing calculator to find an exponential curve 

f std − a � bt that models the bacteria population  
t hours later.

	 (c)	� Graph the model from part (b) together with the scatter 
plot in part (a). Use the TRACE feature to determine 
how long it takes for the bacteria count to double.
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;
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466	 Chapter 6    Inverse Functions

In many natural phenomena, quantities grow or decay at a rate proportional to their size. 
For instance, if y − f std is the number of individuals in a population of animals or bac-
teria at time t, then it seems reasonable to expect that the rate of growth f 9std is propor-
tional to the population f std; that is, f 9std − kf std for some constant k. Indeed, under 
ideal conditions (unlimited environment, adequate nutrition, immunity to disease) the 
mathematical model given by the equation f 9std − kf std predicts what actually happens 
fairly accurately. Another example occurs in nuclear physics where the mass of a radio-
active substance decays at a rate proportional to the mass. In chemistry, the rate of a 
unimolecular first-order reaction is proportional to the concentration of the substance. In 
finance, the value of a savings account with continuously compounded interest increases 
at a rate proportional to that value.

In general, if ystd is the value of a quantity y at time t and if the rate of change of y 
with respect to t is proportional to its size ystd at any time, then

1 �	
dy

dt
− ky

where k is a constant. Equation 1 is sometimes called the law of natural growth (if 
k . 0d or the law of natural decay (if k , 0). It is called a differential equation 
because it involves an unknown function y and its derivative dyydt.

It’s not hard to think of a solution of Equation 1. This equation asks us to find a func-
tion whose derivative is a constant multiple of itself. We have met such functions in  
this chapter. Any exponential function of the form ystd − Cekt, where C is a constant, 
satisfies

y9std − Cskektd − ksCektd − kystd

We will see in Section 9.4 that any function that satisfies dyydt − ky must be of the form 
y − Cekt. To see the significance of the constant C, we observe that

ys0d − Cek�0 − C

Therefore C is the initial value of the function.

2 �  Theorem � The only solutions of the differential equation dyydt − ky are the 
exponential functions

ystd − ys0dekt

Population Growth
What is the significance of the proportionality constant k? In the context of population 
growth, where Pstd is the size of a population at time t, we can write

3 �	
dP

dt
− kP        or      

1

P
 
dP

dt
− k

The quantity
1

P
 
dP

dt

is the growth rate divided by the population size; it is called the relative growth rate.  
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	 Section  6.5    Exponential Growth and Decay	 467

According to (3), instead of saying “the growth rate is proportional to population size”  
we could say “the relative growth rate is constant.” Then (2) says that a population with  
constant relative growth rate must grow exponentially. Notice that the relative growth 
rate k appears as the coefficient of t in the exponential function Cekt. For instance, if

dP

dt
− 0.02P

and t is measured in years, then the relative growth rate is k − 0.02 and the population  
grows at a relative rate of 2% per year. If the population at time 0 is P0, then the expres-
sion for the population is

Pstd − P0e 0.02 t

Example �1�  Use the fact that the world population was 2560 million in 1950 and  
3040 million in 1960 to model the population of the world in the second half of the 20th 
century. (Assume that the growth rate is proportional to the population size.) What is the 
relative growth rate? Use the model to estimate the world population in 1993 and to 
predict the population in the year 2020.

SOLUTION � We measure the time t in years and let t − 0 in the year 1950. We measure 
the population Pstd in millions of people. Then Ps0d − 2560 and Ps10d − 3040. Since 
we are assuming that dPydt − kP, Theorem 2 gives

Pstd − Ps0dekt − 2560ekt

 Ps10d − 2560e 10k − 3040

 k −
1

10
 ln 

3040

2560
< 0.017185

The relative growth rate is about 1.7% per year and the model is

Pstd − 2560e 0.017185 t

We estimate that the world population in 1993 was

Ps43d − 2560e 0.017185s43d < 5360 million

The model predicts that the population in 2020 will be

Ps70d − 2560e 0.017185s70d < 8524 million

The graph in Figure 1 shows that the model is fairly accurate to the end of the 20th 
century (the dots represent the actual population), so the estimate for 1993 is quite 
reliable. But the prediction for 2020 is riskier.

	

6000

P

t200 40
Years since 1950

Population
(in millions)

P=2560e0.017185t

	 ■

FIGURE 1�  
A model for world population growth 
in the second half of the 20th century
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468	 Chapter 6    Inverse Functions

Radioactive Decay
Radioactive substances decay by spontaneously emitting radiation. If mstd is the mass  
remaining from an initial mass m0 of the substance after time t, then the relative decay 
rate

2
1

m
 
dm

dt

has been found experimentally to be constant. (Since dmydt is negative, the relative 
decay rate is positive.) It follows that

dm

dt
− km

where k is a negative constant. In other words, radioactive substances decay at a rate 
proportional to the remaining mass. This means that we can use (2) to show that the mass  
decays exponentially:

mstd − m0ekt

Physicists express the rate of decay in terms of half-life, the time required for half of 
any given quantity to decay.

Example �2�  The half-life of radium-226 is 1590 years.
(a)  A sample of radium-226 has a mass of 100 mg. Find a formula for the mass of the 
sample that remains after t years.
(b)  Find the mass after 1000 years correct to the nearest milligram.
(c)  When will the mass be reduced to 30 mg?

SOLUTION
(a)  Let mstd be the mass of radium-226 (in milligrams) that remains after t years. Then 
dmydt − km and ms0d − 100, so (2) gives

mstd − ms0dekt − 100ekt

In order to determine the value of k, we use the fact that ms1590d − 1
2 s100d. Thus

100e 1590k − 50        so        e 1590k − 1
2

and	  1590k − ln 12 − 2ln 2

 k − 2
ln 2

1590

Therefore	 mstd − 100e2sln 2dty1590

We could use the fact that e ln 2 − 2 to write the expression for mstd in the alternative 
form

mstd − 100 3 22ty1590

(b)  The mass after 1000 years is 

ms1000d − 100e2sln 2d1000y1590 < 65 mg

(c)  We want to find the value of t such that mstd − 30, that is,

100e2sln 2dty1590 − 30        or        e2sln 2dty1590 − 0.3
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	 Section  6.5    Exponential Growth and Decay	 469

We solve this equation for t by taking the natural logarithm of both sides:

 2
ln 2

1590
 t − ln 0.3

Thus	  t − 21590 
ln 0.3

ln 2
< 2762 years	 ■

As a check on our work in Example 2, we use a graphing device to draw the graph of  
mstd in Figure 2 together with the horizontal line m − 30. These curves intersect when 
t < 2800, and this agrees with the answer to part (c).

Newton’s Law of Cooling
Newton’s Law of Cooling states that the rate of cooling of an object is proportional to the 
temperature difference between the object and its surroundings, provided that this dif-
ference is not too large. (This law also applies to warming.) If we let Tstd be the temper-
ature of the object at time t and Ts be the temperature of the surroundings, then we can 
formulate Newton’s Law of Cooling as a differential equation:

dT

dt
− ksT 2 Tsd

where k is a constant. This equation is not quite the same as Equation 1, so we make the 
change of variable ystd − Tstd 2 Ts. Because Ts is constant, we have y9std − T 9std and 
so the equation becomes

dy

dt
− ky

We can then use (2) to find an expression for y, from which we can find T.

Example �3�  A bottle of soda pop at room temperature (72°F) is placed in a refrigera-
tor where the temperature is 44°F. After half an hour the soda pop has cooled to 61°F.
(a)  What is the temperature of the soda pop after another half hour?
(b)  How long does it take for the soda pop to cool to 50°F?

SOLUTION
(a)  Let Tstd be the temperature of the soda after t minutes. The surrounding tempera-
ture is Ts − 448 F, so Newton’s Law of Cooling states that

dT

dt
− ksT 2 44d

If we let y − T 2 44, then ys0d − Ts0d 2 44 − 72 2 44 − 28, so y satisfies

dy

dt
− ky        ys0d − 28

and by (2) we have

ystd − ys0dekt − 28ekt

We are given that Ts30d − 61, so ys30d − 61 2 44 − 17 and

28e30k − 17        e30k − 17
28

m=30

0 4000

150

m=100e_(ln 2)t/1590

FIGURE 2
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470	 Chapter 6    Inverse Functions

Taking logarithms, we have

k −
lns17

28 d
30

< 20.01663

Thus
  ystd − 28e20.01663 t

  Tstd − 44 1 28e20.01663 t

Ts60d − 44 1 28e20.01663s60d < 54.3

So after another half hour the pop has cooled to about 54°F.

(b)  We have Tstd − 50 when

 44 1 28e20.01663t − 50

e20.01663 t − 6
28

  t −
lns 6

28d
20.01663

< 92.6

The pop cools to 50°F after about 1 hour 33 minutes.	 ■

Notice that in Example 3, we have 

lim
t l `

 Tstd − lim
t l `

 s44 1 28e20.01663 td − 44 1 28 � 0 − 44

which is to be expected. The graph of the temperature function is shown in Figure 3.

Continuously Compounded Interest

Example �4�  If $1000 is invested at 6% interest, compounded annually, then after  
1 year the investment is worth $1000s1.06d − $1060, after 2 years it’s worth 
$f1000s1.06dg1.06 − $1123.60, and after t years it’s worth $1000s1.06dt. In general,  
if an amount A0 is invested at an interest rate r sr − 0.06 in this example), then after  
t years it’s worth A0s1 1 rd t. Usually, however, interest is compounded more fre-
quently, say, n times a year. Then in each compounding period the interest rate is ryn 
and there are nt compounding periods in t years, so the value of the investment is

A0S1 1
r

nDnt

For instance, after 3 years at 6% interest a $1000 investment will be worth

 $1000s1.06d3 − $1191.02 with annual compounding

 $1000s1.03d6 − $1194.05 with semiannual compounding

 $1000s1.015d12 − $1195.62 with quarterly compounding

 $1000s1.005d36 − $1196.68 with monthly compounding

 $1000S1 1
0.06

365 D365 � 3

− $1197.20 with daily compounding

72
T

t600 30 90

44

FIGURE 3
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	 Section  6.5    Exponential Growth and Decay	 471

You can see that the interest paid increases as the number of compounding periods snd 
increases. If we let n l `, then we will be compounding the interest continuously and 
the value of the investment will be

	  Astd − lim
n l `

 A0S1 1
r

nDnt

	  − lim
n l `

 A0FS1 1
r

nDnyrGrt

	  − A0F lim
n l `

 S1 1
r

nDnyrGrt

	 − A0F lim
ml `

 S1 1
1

mDmGrt

        (where m − nyr)

But the limit in this expression is equal to the number e (see Equation 6.4.9 or 6.4*.9). 
So with continuous compounding of interest at interest rate r, the amount after t years is

Astd − A0ert

If we differentiate this equation, we get

 
dA

dt
− rA0ert − rAstd

which says that, with continuous compounding of interest, the rate of increase of an 
investment is proportional to its size.

Returning to the example of $1000 invested for 3 years at 6% interest, we see that 
with continuous compounding of interest the value of the investment will be

 As3d − $1000e s0.06d3 − $1197.22

Notice how close this is to the amount we calculated for daily compounding, $1197.20. 
But the amount is easier to compute if we use continuous compounding.	 ■

6.5  Exercises

	 1.	�� A population of protozoa develops with a constant relative 
growth rate of 0.7944 per member per day. On day zero the 
population consists of two members. Find the population size 
after six days.

	 2.	�� A common inhabitant of human intestines is the bacterium 
Escherichia coli, named after the German pediatrician Theodor 
Escherich, who identified it in 1885. A cell of this bacterium  
in a nutrient-broth medium divides into two cells every 
20 minutes. The initial population of a culture is 50 cells.

	 (a)	 Find the relative growth rate.
	 (b)	 Find an expression for the number of cells after t hours.

	 (c)	 Find the number of cells after 6 hours.
	 (d)	 Find the rate of growth after 6 hours.
	 (e)	 When will the population reach a million cells?

	 3.	�� A bacteria culture initially contains 100 cells and grows at a 
rate proportional to its size. After an hour the population has 
increased to 420.

	 (a)	� Find an expression for the number of bacteria after t hours.
	 (b)	 Find the number of bacteria after 3 hours.
	 (c)	 Find the rate of growth after 3 hours.
	 (d)	 When will the population reach 10,000?
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472	 chapter  6    Inverse Functions

	 7.	� Experiments show that if the chemical reaction 

N2O5 l 2NO2 1 1
2 O2

		�  �takes place at 458C, the rate of reaction of dinitrogen pent-
oxide is proportional to its concentration as follows:

2
dfN2O5g

dt
− 0.0005fN2O5g

		�  (See Example 2.7.4.)
	 (a)	� Find an expression for the concentration fN2O5g after  

t seconds if the initial concentration is C.
	 (b)	� How long will the reaction take to reduce the concentra-

tion of N2O5 to 90% of its original value?

	 8.	� Strontium-90 has a half-life of 28 days. 
	 (a)	� A sample has a mass of 50 mg initially. Find a formula for 

the mass remaining after t days.
	 (b)	 Find the mass remaining after 40 days.
	 (c)	� How long does it take the sample to decay to a mass  

of 2 mg?
	 (d)	 Sketch the graph of the mass function.

	 9.	�� The half-life of cesium-137 is 30 years. Suppose we have a 
100-mg sample.

	 (a)	� Find the mass that remains after t years.
	 (b)	 How much of the sample remains after 100 years?
	 (c)	� After how long will only 1 mg remain?

	10.	� �A sample of tritium-3 decayed to 94.5% of its original amount 
after a year.

	 (a)	 What is the half-life of tritium-3?
	 (b)	� How long would it take the sample to decay to 20% of its 

original amount?

	11.	�� Scientists can determine the age of ancient objects by the 
method of radiocarbon dating. The bombardment of the upper 
atmosphere by cosmic rays converts nitrogen to a radioactive 
isotope of carbon, 14C, with a half-life of about 5730 years. 
Vegetation absorbs carbon dioxide through the atmosphere and 
animal life assimilates 14C through food chains. When a plant 
or animal dies, it stops replacing its carbon and the amount of 
14C begins to decrease through radioactive decay. Therefore 
the level of radioactivity must also decay exponentially.

�A discovery revealed a parchment fragment that had about 
74% as much 14C radioactivity as does plant material on the 
earth today. Estimate the age of the parchment.

	12.	�� Dinosaur fossils are too old to be reliably dated using 
carbon-14. (See Exercise 11.) Suppose we had a 68-million-
year-old dinosaur fossil. What fraction of the living dino-
saur’s 14C would be remaining today? Suppose the minimum 
detectable amount is 0.1%. What is the maximum age of a 
fossil that we could date using 14C?

	13.	�� Dinosaur fossils are often dated by using an element other 
than carbon, such as potassium-40, that has a longer half-life 
(in this case, approximately 1.25 billion years). Suppose the 
minimum detectable amount is 0.1% and a dinosaur is dated 

	 4.	� �A bacteria culture grows with constant relative growth rate. 
The bacteria count was 400 after 2 hours and 25,600 after  
6 hours.

	 (a)	� What is the relative growth rate? Express your answer  
as a percentage.

	 (b)	 What was the initial size of the culture?
	 (c)	� Find an expression for the number of bacteria after  

t hours.
	 (d)	 Find the number of cells after 4.5 hours.
	 (e)	 Find the rate of growth after 4.5 hours.
	 (f)	 When will the population reach 50,000?

	 5.	�� The table gives estimates of the world population, in millions, 
from 1750 to 2000.

Year Population Year Population

1750 	 790 1900 1650
1800 	 980 1950 2560
1850 	 1260 2000 6080

	 (a)	� Use the exponential model and the population figures for 
1750 and 1800 to predict the world population in 1900 
and 1950. Compare with the actual figures.

	 (b)	� Use the exponential model and the population figures for 
1850 and 1900 to predict the world population in 1950. 
Compare with the actual population.

	 (c)	� Use the exponential model and the population figures for 
1900 and 1950 to predict the world population in 2000. 
Compare with the actual population and try to explain the 
discrepancy.

	 6.	�� The table gives the population of Indonesia, in millions, for 
the second half of the 20th century.

Year Population

1950 	 83
1960 100
1970 122
1980 150
1990 182
2000 214

	 (a)	� Assuming the population grows at a rate proportional 
to its size, use the census figures for 1950 and 1960 to 
predict the population in 1980. Compare with the actual 
figure.

	 (b)	� Use the census figures for 1960 and 1980 to predict the 
population in 2000. Compare with the actual population.

	 (c)	� Use the census figures for 1980 and 2000 to predict the 
population in 2010 and compare with the actual popula-
tion of 243 million.

	 (d)	� Use the model in part (c) to predict the population in 
2020. Do you think the prediction will be too high or too 
low? Why?
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	 applied project    Controlling Red Blood Cell Loss During Surgery	 473

	19.	� �The rate of change of atmospheric pressure P with respect to 
altitude h is proportional to P, provided that the temperature 
is constant. At 15°C the pressure is 101.3 kPa at sea level 
and 87.14 kPa at h − 1000 m.

	 (a)	 What is the pressure at an altitude of 3000 m?
	 (b)	� What is the pressure at the top of Mount McKinley, at an 

altitude of 6187 m?

	20.	� (a)	� If $1000 is borrowed at 8% interest, find the amounts  
due at the end of 3 years if the interest is compounded  
(i) annually, (ii) quarterly, (iii) monthly, (iv) weekly,  
(v) daily, (vi) hourly, and (vii) continuously.

	 (b)	� Suppose $1000 is borrowed and the interest is com
pounded continuously. If Astd is the amount due after  
t years, where 0 < t < 3, graph Astd for each of the 
interest rates 6%, 8%, and 10% on a common screen.

	21.	� (a)	� If $3000 is invested at 5% interest, find the value of the 
investment at the end of 5 years if the interest is com
pounded (i) annually, (ii) semiannually, (iii) monthly,  
(iv) weekly, (v) daily, and (vi) continuously.

	 (b)	� If Astd is the amount of the investment at time t for the 
case of continuous compounding, write a differential 
equation and an initial condition satisfied by Astd.

	22.	� (a)	� How long will it take an investment to double in value if 
the interest rate is 6% compounded continuously?

	 (b)	 What is the equivalent annual interest rate?

;

		��  with 40 K to be 68 million years old. Is such a dating pos-
sible? In other words, what is the maximum age of a fossil 
that we could date using 40 K?

	14.	�� A curve passes through the point s0, 5d and has the property 
that the slope of the curve at every point P is twice the  
y-coordinate of P. What is the equation of the curve?

	15.	� �A roast turkey is taken from an oven when its temperature 
has reached 185°F and is placed on a table in a room where 
the temperature is 75°F.

	 (a)	� If the temperature of the turkey is 1508F after half an 
hour, what is the temperature after 45 minutes?

	 (b)	 When will the turkey have cooled to 1008F?

	16.	�� In a murder investigation, the temperature of the corpse was 
32.5°C at 1:30 pm and 30.3°C an hour later. Normal body 
temperature is 37.0°C and the temperature of the surround-
ings was 20.0°C. When did the murder take place?

	17.	� �When a cold drink is taken from a refrigerator, its tempera-
ture is 5°C. After 25 minutes in a 20°C room its temperature 
has increased to 10°C.

	 (a)	 What is the temperature of the drink after 50 minutes?
	 (b)	 When will its temperature be 15°C?

	18.	� �A freshly brewed cup of coffee has temperature 958C in a  
20°C room. When its temperature is 70°C, it is cooling at a 
rate of 1°C per minute. When does this occur?

applied Project

A typical volume of blood in the human body is about 5 L. A certain percentage of that volume 
(called the hematocrit) consists of red blood cells (RBCs); typically the hematocrit is about 
45% in males. Suppose that a surgery takes four hours and a male patient bleeds 2.5 L of blood. 
During surgery the patient’s blood volume is maintained at 5 L by injection of saline solu-
tion, which mixes quickly with the blood but dilutes it so that the hematocrit decreases as time 
passes.

1.	� �Assuming that the rate of RBC loss is proportional to the volume of RBCs, determine the 
patient’s volume of RBCs by the end of the operation.

2.	�� A procedure called acute normovolemic hemodilution (ANH) has been developed to 
minimize RBC loss during surgery. In this procedure blood is extracted from the patient 
before the operation and replaced with saline solution. This dilutes the patient’s blood, 
resulting in fewer RBCs being lost during the bleeding. The extracted blood is then returned 
to the patient after surgery. Only a certain amount of blood can be extracted, however, 
because the RBC concentration can never be allowed to drop below 25% during surgery. 
What is the maximum amount of blood that can be extracted in the ANH procedure for the 
surgery described in this project?

3.	� �What is the RBC loss without the ANH procedure? What is the loss if the procedure is 
carried out with the volume calculated in Problem 2?
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controlling red blood cell loss during surgery
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474	 Chapter 6    Inverse Functions

In this section we apply the ideas of Section 6.1 to find the derivatives of the so-called 
inverse trigonometric functions. We have a slight difficulty in this task: because the  
trigonometric functions are not one-to-one, they don’t have inverse functions. The diffi-
culty is overcome by restricting the domains of these functions so that they become one-
to-one.

You can see from Figure 1 that the sine function y − sin x is not one-to-one (use the 
Horizontal Line Test). But the function f sxd − sin x, 2�y2 < x < �y2, is one-to-one 
(see Figure 2). The inverse function of this restricted sine function f  exists and is denoted 
by sin21 or arcsin. It is called the inverse sine function or the arcsine function.

y

0_π π xπ
2

y=sin x

0

y

x

_ π
2

π
2

	 Figure 2   
	 y − sin x, 2�

2 < x < �
2� 

Since the definition of an inverse function says that

f 21sxd − y    &?    f syd − x

we have

1 	 sin21x − y    &?    sin y − x    and    2
�

2
< y <

�

2
	

Thus, if 21 < x < 1, sin21x is the number between 2�y2 and �y2 whose sine is x.

Example �1�  Evaluate (a) sin21s1
2d and (b) tansarcsin 13 d.

SOLUTION

(a)  We have

sin21s1
2d −

�

6

because sins�y6d − 1
2 and �y6 lies between 2�y2 and �y2.

(b)  Let � − arcsin 13, so sin � − 1
3. Then we can draw a right triangle with angle � as  

in Figure 3 and deduce from the Pythagorean Theorem that the third side has length 
s9 2 1 − 2s2 . This enables us to read from the triangle that

tansarcsin 13 d − tan � −
1

2s2 
■

figure 1

sin21x ±
1

sin x

2 œ„2

3

¨

1

figure 3
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	 Section  6.6    Inverse Trigonometric Functions	 475

The cancellation equations for inverse functions become, in this case,

2

	

 sin21ssin xd − x    for 2
�

2
< x <

�

2

 sinssin21xd − x    for 21 < x < 1
	

The inverse sine function, sin21, has domain f21, 1g and range f2�y2, �y2g, and  
its graph, shown in Figure 4, is obtained from that of the restricted sine function (Fig- 
ure 2) by reflection about the line y − x.

We know that the sine function f  is continuous, so the inverse sine function is also con
tinuous. We also know from Section 2.4 that the sine function is differentiable, so 
the inverse sine function is also differentiable. We could calculate the derivative of sin21 
by the formula in Theorem 6.1.7, but since we know that sin21 is differentiable, we can 
just as easily calculate it by implicit differentiation as follows.

Let y − sin21x. Then sin y − x and 2�y2 < y < �y2. Differentiating sin y − x 
implicitly with respect to x, we obtain

cos y 
dy

dx
− 1

and	
dy

dx
−

1

cos y

Now cos y > 0, since 2�y2 < y < �y2, so

cos y − s1 2 sin2 y − s1 2 x 2 

Therefore	
dy

dx
−

1

cos y
−

1

s1 2 x 2 

3 	
d

dx
 ssin21xd −

1

s1 2 x 2 
21 , x , 1	

Example �2�  If f sxd − sin21sx 2 2 1d, find (a) the domain of f , (b) f 9sxd, and (c) the 
domain of f 9.

SOLUTION 

(a)  Since the domain of the inverse sine function is f21, 1g, the domain of f  is

 hx | 21 < x 2 2 1 < 1j − hx | 0 < x 2 < 2j

 − hx | | x | < s2 j − f2s2 , s2
 g

0

y

x1_1

π
2

_ π
2

figure 4�� 
y − sin21 x − arcsin x
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476	 Chapter 6    Inverse Functions

(b)  Combining Formula 3 with the Chain Rule, we have

 f 9sxd −
1

s1 2 sx 2 2 1d2 
 

d

dx
 sx 2 2 1d

 −
1

s1 2 sx 4 2 2x 2 1 1d
 2x −

2x

s2x 2 2 x 4

(c)  The domain of f 9 is

 hx | 21 , x 2 2 1 , 1j − hx | 0 , x 2 , 2j

	  − hx | 0 , | x | , s2 j − (2s2 , 0) ø (0, s2 )	 ■

The inverse cosine function is handled similarly. The restricted cosine function 
f sxd − cos x, 0 < x < �, is one-to-one (see Figure 6) and so it has an inverse function 
denoted by cos21 or arccos.

4 	 cos21x − y    &?    cos y − x    and    0 < y < �	

0

y

x

1

ππ
2

0

y

x1

π

_1

π
2

      

0

y

x

1

ππ
2

0

y

x1

π

_1

π
2

�FIGURE 7   
y − cos21x − arccos x

FIGURE 6�   
y − cos x, 0 < x < �

The cancellation equations are

5
	  cos21scos xd − x    for 0 < x < � 	

 cosscos21xd − x    for 21 < x < 1

The inverse cosine function, cos21, has domain f21, 1g and range f0, �g and is a con-
tinuous function whose graph is shown in Figure 7. Its derivative is given by

6 	
d

dx
 scos21xd − 2

1

s1 2 x 2 
21 , x , 1	

Formula 6 can be proved by the same method as for Formula 3 and is left as Exercise 17.

The graphs of the function f  of 
Example 2 and its derivative are 
shown in Figure 5. Notice that f  is not 
differentiable at 0 and this is consistent 
with the fact that the graph of f 9 makes 
a sudden jump at x − 0.

4

_4

_2 2
f

f ª

FIGURE 5 
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	 Section  6.6    Inverse Trigonometric Functions	 477

The tangent function can be made one-to-one by restricting it to the interval 
s2�y2, �y2d. Thus the inverse tangent function is defined as the inverse of the func-
tion f sxd − tan x, 2�y2 , x , �y2. (See Figure 8.) It is denoted by tan21 or arctan.

7 	 tan21x − y    &?    tan y − x    and    2
�

2
, y ,

�

2
	

Example �3�  Simplify the expression cosstan21xd.

SOLUTION 1 � Let y − tan21x. Then tan y − x and 2�y2 , y , �y2. We want to find 
cos y but, since tan y is known, it is easier to find sec y first:

 sec2 y − 1 1 tan2 y − 1 1 x 2

 sec y − s1 1 x 2         ssince sec y . 0 for 2�y2 , y , �y2d

Thus	 cosstan21xd − cos y −
1

sec y
−

1

s1 1 x 2 

SOLUTION 2 � Instead of using trigonometric identities as in Solution 1, it is perhaps 
easier to use a diagram. If y − tan21x, then tan y − x, and we can read from Figure 9 
(which illustrates the case y . 0) that

	 cosstan21xd − cos y −
1

s1 1 x 2 
 	 ■

The inverse tangent function, tan21 − arctan, has domain R and range s2�y2, �y2d. 
Its graph is shown in Figure 10.

π
2

_ π
2

y

0
x

We know that 

lim 
x ls�y2d2

 tan x − ` and lim 
        x l2s�y2d1

   tan x − 2`

and so the lines x − 6�y2 are vertical asymptotes of the graph of tan. Since the graph 
of tan21 is obtained by reflecting the graph of the restricted tangent function about the 

figure 8�   
y − tan x, 2�

2  , x , �2

π
2

π
2_

y

0 x

FIGURE 9

œ„„„„„1+≈

1
y

x

FIGURE 10 � 
y − tan21 x − arctan x
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478	 Chapter 6    Inverse Functions

line y − x, it follows that the lines y − �y2 and y − 2�y2 are horizontal asymptotes of 
the graph of tan21. This fact is expressed by the following limits:

lim
x l2`

 tan21x − 2
�

2
            lim

x l `
 tan21x −

�

2

Example �4�  Evaluate lim
x l21

 arctanS 1

x 2 2D.

SOLUTION � If we let t − 1ysx 2 2d, we know that t l ` as x l 21. Therefore, by the  
second equation in (8), we have

	 lim
x l

 

21
 arctanS 1

x 2 2D − lim
t l `

 arctan t −
�

2
	 n

Because tan is differentiable, tan21 is also differentiable. To find its derivative, we let 
y − tan21x. Then tan y − x. Differentiating this latter equation implicitly with respect to  
x, we have

 sec2 y 
dy

dx
− 1

and so	  
dy

dx
−

1

sec2y
−

1

1 1 tan2y
−

1

1 1 x 2

9 	
d

dx
 stan21xd −

1

1 1 x 2 	

The remaining inverse trigonometric functions are not used as frequently and are 
summarized here.

10 �   y − csc21x (| x | > 1)    &?    csc y − x  and    y [ s0, �y2g ø s�, 3�y2g

	  y − sec21x (| x | > 1)    &?    sec y − x  and    y [ f0, �y2d ø f�, 3�y2d

	  y − cot21x sx [ Rd      &?    cot y − x  and    y [ s0, �d

The choice of intervals for y in the definitions of csc21 and sec21 is not universally 
agreed upon. For instance, some authors use y [ f0, �y2d ø s�y2, �g in the definition 
of sec21. [You can see from the graph of the secant function in Figure 11 that both this 
choice and the one in (10) will work.] The reason for the choice in (10) is that the dif-
ferentiation formulas are simpler (see Exercise 79).

We collect in Table 11 the differentiation formulas for all of the inverse trigonometric 
functions. The proofs of the formulas for the derivatives of csc21, sec21, and cot21 are left 
as Exercises 19–21.

8

0

y

x
_1

2ππ

FIGURE 11   
�y − sec x
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	 Section  6.6    Inverse Trigonometric Functions	 479

11  T able of Derivatives of Inverse Trigonometric Functions �

 
d

dx
 ssin21xd −

1

s1 2 x 2
         

d

dx
 scsc21xd − 2

1

xsx 2 2 1

 
d

dx
 scos21xd − 2

1

s1 2 x 2 
         

d

dx
 ssec21xd −

1

xsx 2 2 1

 
d

dx
 stan21xd −

1

1 1 x 2              
d

dx
 scot21xd − 2

1

1 1 x 2

Each of these formulas can be combined with the Chain Rule. For instance, if u is a 
differentiable function of x, then

d

dx
 ssin21ud −

1

s1 2 u 2 
 
du

dx
and  

d

dx
 stan21ud −

1

1 1 u 2  
du

dx

Example �5�  Differentiate (a) y −
1

sin21x
 and (b) f sxd − x arctansx .

SOLUTION

(a)	  
dy

dx
−

d

dx
 ssin21xd21 − 2ssin21xd22 

d

dx
 ssin21xd

	  − 2
1

ssin21xd2 s1 2 x 2 

(b)	   f 9sxd − x 
1

1 1 (sx )2  ( 1
2 x21y2) 1 arctansx 

	  −
sx 

2s1 1 xd
1 arctansx 	 ■

Example �6�  Prove the identity tan21x 1 cot21x − �y2.

SOLUTION � Although calculus isn’t needed to prove this identity, the proof using calcu-
lus is quite simple. If f sxd − tan21x 1 cot21x, then

f 9sxd −
1

1 1 x 2 2
1

1 1 x 2 − 0

for all values of x. Therefore f sxd − C, a constant. To determine the value of C, we put 
x − 1 [because we can evaluate f s1d exactly]. Then

C − f s1d − tan21 1 1 cot21 1 −
�

4
1

�

4
−

�

2

Thus tan21x 1 cot21x − �y2.	 n

Recall that arctan x is an alternative  
notation for tan21x.
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480	 Chapter 6    Inverse Functions

Each of the formulas in Table 11 gives rise to an integration formula. The two most 
useful of these are the following:

12 	 y 
1

s1 2 x 2 
 dx − sin21x 1 C	

13 	 y 
1

x 2 1 1
 dx − tan21x 1 C	

Example �7�  Find y1y4

0
 

1

s1 2 4x 2 
 dx.

SOLUTION � If we write

y1y4

0
 

1

s1 2 4x 2 
 dx − y1y4

0
 

1

s1 2 s2xd2 
 dx

then the integral resembles Equation 12 and the substitution u − 2x is suggested. This 
gives du − 2 dx, so dx − duy2. When x − 0, u − 0; when x − 1

4, u − 1
2. So

 y1y4

0
 

1

s1 2 4x 2
 dx − 1

2 y1y2

0
 

du

s1 2 u 2 
− 1

2 sin21ug0

1y2

	  − 1
2 fsin21 (1

2) 2 sin21 0g −
1

2
�

�

6
−

�

12
	 ■

Example �8�  Evaluate y 
1

x 2 1 a 2  dx.

SOLUTION � To make the given integral more like Equation 13 we write

y 
dx

x 2 1 a 2 − y 
dx

a 2S x 2

a 2 1 1D −
1

a 2  y 
dx

S x

aD2

1 1

This suggests that we substitute u − xya. Then du − dxya, dx − a du, and

y 
dx

x 2 1 a 2 −
1

a 2  y 
a du

u 2 1 1
−

1

a
 y 

du

u 2 1 1
−

1

a
 tan21u 1 C

Thus we have the formula

14 	 y 
1

x 2 1 a 2  dx −
1

a
 tan21S x

aD 1 C	 ■

One of the main uses of inverse 
trigonometric functions in calculus is 
that they often arise when we integrate  
rational functions.
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	 Section  6.6    Inverse Trigonometric Functions	 481

22–35 � Find the derivative of the function. Simplify where 
possible.

	22.	 y − tan21sx 2d

	23.	 y − stan21xd2	 24.	 tsxd − arccossx 

	25.	 y − sin21s2x 1 1d	 26.	 Rstd − arcsins1ytd

	27.	 y − x sin21 x 1 s1 2 x 2  

	 28.	 y − cos21ssin21 td

	29.	 Fsxd − x sec21sx 3d	 30.	 y − arctanÎ 1 2 x

1 1 x

	31.	 y − arctanscos �d

	32.	 y − tan21sx 2 s1 1 x 2 d
	33.	 hstd − cot21std 1 cot21s1ytd

	34.	 y − tan21S x

aD 1 lnÎ x 2 a

x 1 a

	35.	 y − arccosS b 1 a cos x

a 1 b cos xD, 0 < x < �, a . b . 0

36–37 � Find the derivative of the function. Find the domains of 
the function and its derivative.

	36.	 f sxd − arcsinse x d	 37.	 tsxd − cos21s3 2 2xd

	38.	� Find y 9 if tan21sx 2yd − x 1 xy 2.

	39.	� If tsxd − x sin21sxy4d 1 s16 2 x 2 , find t9s2d.

	40.	� �Find an equation of the tangent line to the curve 
y − 3 arccossxy2d at the point s1, �d.

41–42 � Find f 9sxd. Check that your answer is reasonable by 
comparing the graphs of f  and f 9.

	41.	 f sxd − s1 2 x 2  arcsin x	 42.	 f sxd − arctansx 2 2 xd

;

1–10 � Find the exact value of each expression.

	 1.	� (a)	 sin21s0.5d	 (b)	 cos21 s21d

	 2.	� (a)	 tan21 s3 	 (b)	 sec21 2

	 3.	� (a)	 csc21 s2 	 (b)	 cos21(s3 y2)
	 4.	� (a)	 cot21(2s3 )	 (b)	 arcsin 1

	 5.	� (a)	 tansarctan 10d	 (b)	 arcsinssins5�y4dd

	 6.	� (a)	 tan21s tan 3�y4d	 (b)	 cossarcsin 12d
	7 .	 tan(sin21(2

3))	8 .	 cscsarccos 35d
	 9.	 cos(2 sin21 ( 5

13))	 10.	 coss tan21 2 1 tan21 3d

	11.	� Prove that cosssin21 xd − s1 2 x 2 .

12–14 � Simplify the expression.

	12.	 tanssin21xd	 13.	 sinstan21xd	 14.	 sins2 arccos xd

15–16 � Graph the given functions on the same screen. How are 
these graphs related?

	15.	� y − sin x,  2�y2 < x < �y2;    y − sin21x;    y − x

	16.	� y − tan x,  2�y2 , x , �y2;    y − tan21x;    y − x

	17.	� �Prove Formula 6 for the derivative of cos21 by the same 
method as for Formula 3.

	18.	� (a)	 Prove that sin21x 1 cos21x − �y2.
	 (b)	 Use part (a) to prove Formula 6.

	19.	� Prove that 
d

dx
 scot21xd − 2

1

1 1 x 2 .

	20.	� Prove that 
d

dx
 ssec21xd −

1

xsx 2 2 1
.

	21.	� Prove that 
d

dx
 scsc21xd − 2

1

xsx 2 2 1
.

;

Example �9�  Find y 
x

x 4 1 9
 dx.

SOLUTION � We substitute u − x 2 because then du − 2x dx and we can use Equation 14 
with a − 3:

 y 
x

x 4 1 9
 dx −

1

2
 y 

du

u 2 1 9
−

1

2
�

1

3
 tan21S u

3D 1 C

	 −
1

6
 tan21S x 2

3 D 1 C	 ■
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482	 chapter  6    Inverse Functions

	55.	� �If f sxd − arctanscoss3 arcsin xdd, use the graphs of f , f 9,  
and f 0 to estimate the x-coordinates of the maximum and 
minimum points and inflection points of f.

	56.	� �Investigate the family of curves given by 
f sxd − x 2 c sin21x. What happens to the number of 
maxima and minima as c changes? Graph several members 
of the family to illustrate what you discover.

	57.	� �Find the most general antiderivative of the function

f sxd −
2x 2 1 5

x 2 1 1

	58.	� Find tstd if t9std − 2ys1 2 t 2  and ts1d − 5.

59–70 � Evaluate the integral.

	59.	 ys3

1ys3

8

1 1 x 2  dx	 60.	 y1ys2
 

21ys2
  

6

s1 2 p 2
 
 dp

	61.	 y1y2

0
 

sin21x

s1 2 x 2 
 dx	 62.	 ys3y4

0
 

dx

1 1 16x 2

	63.	 y 
1 1 x

1 1 x 2  dx	 64.	 y�y2

0
 

sin x

1 1 cos2x
 dx

	65.	 y 
dx

s1 2 x 2   sin21x
	 66.	 y 

1

xsx 2 2 4 
 dx

	67.	 y 
t 2

s1 2 t 6 
 dt	 68.	 y 

e 2x

s1 2 e 4x 
 dx

	69.	 y 
dx

sx s1 1 xd
	7 0.	 y 

x

1 1 x 4  dx

	71.	� Use the method of Example 8 to show that, if a . 0,

y 
1

sa 2 2 x 2 
 dx − sin21S x

aD 1 C

	72.	� �The region under the curve y − 1ysx 2 1 4  from x − 0 to 
x − 2 is rotated about the x-axis. Find the volume of the 
resulting solid.

	73.	� �Evaluate y1
0 sin21x dx by interpreting it as an area and inte- 

grating with respect to y instead of x.

	74.	� Prove that, for xy ± 1,

arctan x 1 arctan y − arctan 
x 1 y

1 2 xy

		�  if the left side lies between 2�y2 and �y2.

CAS

;

43–46 � Find the limit.

	43.	 lim
xl211

sin21x

	44.	 lim 
x l `

 arccosS 1 1 x 2

1 1 2x 2D
	45.	  lim 

x l `
 arctanse x d	 46.	 lim

x l 01
 tan21sln xd

	47.	�� Where should the point P be chosen on the line segment AB 
so as to maximize the angle �?

5

2

A

B

P ¨
3

	48.	�� A painting in an art gallery has height h and is hung so that 
its lower edge is a distance d above the eye of an observer 
(as in the figure). How far from the wall should the observer 
stand to get the best view? (In other words, where should 
the observer stand so as to maximize the angle � subtended 
at his eye by the painting?)

¨

h

d

	49.	� �A ladder 10 ft long leans against a vertical wall. If the bot-
tom of the ladder slides away from the base of the wall at a 
speed of 2 ftys, how fast is the angle between the ladder and 
the wall changing when the bottom of the ladder is 6 ft from 
the base of the wall?

	50.	� �A lighthouse is located on a small island, 3 km away 
from the nearest point P on a straight shoreline, and its light 
makes four revolutions per minute. How fast is the beam of 
light moving along the shoreline when it is 1 km from P?

51–54 � Sketch the curve using the guidelines of Section 3.5.

	51.	 y − sin21S x

x 1 1D	 52.	 y − tan21S x 2 1

x 1 1D
	53.	 y − x 2 tan21x	 54.	 y − earctan x
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	 applied project    Where to Sit at the Movies	 483

	78.	� Prove the identity

arcsin 
x 2 1

x 1 1
− 2 arctan sx 2

�

2

	79.	� �Some authors define y − sec21x  &?  sec y − x and 
y [ f0, �y2d ø s�y2, �g. Show that with this definition  
we have (instead of the formula given in Exercise 20)

d

dx
 ssec21xd −

1

| x |sx 2 2 1
       | x | . 1

	80.	� Let f sxd − x arctans1yxd if x ± 0 and f s0d − 0.
	 (a)	 Is f  continuous at 0?
	 (b)	 Is f  differentiable at 0?

	75.	� Use the result of Exercise 74 to prove the following:

	 (a)	 arctan 12 1 arctan 13 − �y4

	 (b)	 2 arctan 13 1 arctan 17 − �y4

	76.	� (a)	 Sketch the graph of the function f sxd − sinssin21xd.
	 (b)	� Sketch the graph of the function tsxd − sin21ssin xd, 

x [ R.

	 (c)	 Show that t9sxd −
cos x

| cos x | .

	 (d)	� Sketch the graph of hsxd − cos21ssin xd, x [ R, and find 
its derivative.

	77.	� Use the method of Example 6 to prove the identity

2 sin21x − cos21s1 2 2x 2 d x > 0

A movie theater has a screen that is positioned 10 ft off the floor and is 25 ft high. The first 
row of seats is placed 9 ft from the screen and the rows are set 3 ft apart. The floor of the 
seating area is inclined at an angle of � − 20° above the horizontal and the distance up the 
incline that you sit is x. The theater has 21 rows of seats, so 0 < x < 60. Suppose you decide 
that the best place to sit is in the row where the angle � subtended by the screen at your eyes 
is a maximum. Let’s also suppose that your eyes are 4 ft above the floor, as shown in the 
figure. (In Exercise 6.6.48 we looked at a simpler version of this problem, where the floor is 
horizontal, but this project involves a more complicated situation and requires technology.)

1.	� Show that

� − arccosS a 2 1 b 2 2 625

2ab D
	� where	  a 2 − s9 1 x cos �d2 1 s31 2 x sin �d2	

	� and	  b 2 − s9 1 x cos �d2 1 sx sin � 2 6d2	

2.	�� Use a graph of � as a function of x to estimate the value of x that maximizes �. In which 
row should you sit? What is the viewing angle � in this row?

3.	�� Use your computer algebra system to differentiate � and find a numerical value for the 
root of the equation d�ydx − 0. Does this value confirm your result in Problem 2?

4.	�� Use the graph of � to estimate the average value of � on the interval 0 < x < 60. Then 
use your CAS to compute the average value. Compare with the maximum and minimum 
values of �.

25 ft

10 ft

9 ft

¨

x

å

4 ft

APPLIED Project	     where to sit at the moviesCAS
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484	 Chapter 6    Inverse Functions

Certain even and odd combinations of the exponential functions ex and e2x arise so fre-
quently in mathematics and its applications that they deserve to be given special names.  
In many ways they are analogous to the trigonometric functions, and they have the same  
relationship to the hyperbola that the trigonometric functions have to the circle. For this 
reason they are collectively called hyperbolic functions and individually called hyper-
bolic sine, hyperbolic cosine, and so on.

Definition of the Hyperbolic Functions

	 sinh x −
ex 2 e2x

2
	 csch x −

1

sinh x

	 cosh x −
ex 1 e2x

2
	 sech x −

1

cosh x

	 tanh x −
sinh x

cosh x
	 coth x −

cosh x

sinh x

The graphs of hyperbolic sine and hyperbolic cosine can be sketched using graphical 
addition as in Figures 1 and 2.

y

0 x

y=_1

y=11
2y=    ́

y=_     e–®1
2

y=sinh x

0

y

x
y=    e–®1

2
1
2y=    ́

y=cosh x

1

0

y

x

FIGURE 1 
y − sinh x − 1

2e x 2 1
2e2x

FIGURE 2 
y − cosh x − 1

2e x 1 1
2e2x

FIGURE 3 
y − tanh x

Note that sinh has domain R and range R, while cosh has domain R and range f1, `d.  
The graph of tanh is shown in Figure 3. It has the horizontal asymptotes y − 61. (See  
Exercise 23.)

Some of the mathematical uses of hyperbolic functions will be seen in Chapter 7. 
Applications to science and engineering occur whenever an entity such as light, velocity, 
electricity, or radioactivity is gradually absorbed or extinguished, because the decay 
can be represented by hyperbolic functions. The most famous application is the use 
of hyperbolic cosine to describe the shape of a hanging wire. It can be proved that if a 
heavy flexible cable (such as a telephone or power line) is suspended between two points 
at the same height, then it takes the shape of a curve with equation y − c 1 a coshsxyad 
called a catenary (see Figure 4). (The Latin word catena means “chain.”)

y

0 x

FIGURE 4�   
A catenary y − c 1 a coshsxyad
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	 Section  6.7    Hyperbolic Functions	 485

Another application of hyperbolic functions occurs in the description of ocean waves: 
the velocity of a water wave with length L moving across a body of water with depth d 
is modeled by the function

v − Î tL

2�
 tanhS 2�d

L D
where t is the acceleration due to gravity. (See Figure 5 and Exercise 49.)

The hyperbolic functions satisfy a number of identities that are similar to well-known 
trigonometric identities. We list some of them here and leave most of the proofs to the  
exercises.

Hyperbolic Identities 

	 sinhs2xd − 2sinh x	 coshs2xd − cosh x

	 cosh2x 2 sinh2x − 1	 1 2 tanh2x − sech2x

	 sinhsx 1 yd − sinh x cosh y 1 cosh x sinh y

	 coshsx 1 yd − cosh x cosh y 1 sinh x sinh y

St
oc

kb
yt

e 
/ G

et
ty

 Im
ag

es

The Gateway Arch in St. Louis was 
designed using a hyperbolic cosine 
function (see Exercise 48).

Example �1�  Prove (a) cosh2x 2 sinh2x − 1 and (b) 1 2 tanh2x − sech2x.

SOLUTION

(a)	  cosh2x 2 sinh2x − S ex 1 e2x

2 D2

2 S ex 2 e2x

2 D2

	 −
e 2x 1 2 1 e22x

4
2

e 2x 2 2 1 e22x

4

	 −
4

4
− 1

(b)  We start with the identity proved in part (a):

cosh2x 2 sinh2x − 1

If we divide both sides by cosh2x, we get

 1 2
sinh2x

cosh2x
−

1

cosh2x

or	  1 2 tanh2x − sech2x 	 ■

The identity proved in Example 1(a) gives a clue to the reason for the name “hyper-
bolic” functions:

If t is any real number, then the point Pscos t, sin td lies on the unit circle x 2 1 y 2 − 1  
because cos2t 1 sin2t − 1. In fact, t can be interpreted as the radian measure of /POQ  
in Figure 6. For this reason the trigonometric functions are sometimes called circular  
functions.

L
d

FIGURE 5 �  
Idealized ocean wave

0

y

x

≈-¥=1

P(cosh t, sinh t)

O

y

x

P(cos t, sin t)

≈+¥=1

Q

FIGURE 6
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486	 Chapter 6    Inverse Functions

Likewise, if t is any real number, then the point Pscosh t, sinh td lies on the right 
branch of the hyperbola x 2 2 y 2 − 1 because cosh2t 2 sinh2t − 1 and cosh t > 1. This 
time, t does not represent the measure of an angle. However, it turns out that t represents 
twice the area of the shaded hyperbolic sector in Figure 7, just as in the trigonometric 
case t represents twice the area of the shaded circular sector in Figure 6.

The derivatives of the hyperbolic functions are easily computed. For example,

d

dx
 ssinh xd −

d

dx
 S ex 2 e2x

2 D −
ex 1 e2x

2
− cosh x

We list the differentiation formulas for the hyperbolic functions as Table 1. The remain-
ing proofs are left as exercises. Note the analogy with the differentiation formulas for 
trigonometric functions, but beware that the signs are different in some cases.

1   Derivatives of Hyperbolic Functions

 
d

dx
 ssinh xd − cosh x    

d

dx
 scsch xd − 2csch x coth x

 
d

dx
 scosh xd − sinh x    

d

dx
 ssech xd − 2sech x tanh x

 
d

dx
 stanh xd − sech2x     

d

dx
 scoth xd − 2csch2x

Example �2�  Any of these differentiation rules can be combined with the Chain Rule. 
For instance,

d

dx
 scosh sx d − sinh sx ?

d

dx
 sx −

sinh sx 

2sx ■

Inverse Hyperbolic Functions
You can see from Figures 1 and 3 that sinh and tanh are one-to-one functions and so they 
have inverse functions denoted by sinh21 and tanh21. Figure 2 shows that cosh is not one- 
to-one, but when restricted to the domain f0, `d it becomes one-to-one. The inverse 
hyperbolic cosine function is defined as the inverse of this restricted function.

2 �

 y − sinh21x  &? sinh y − x

 y − cosh21x &?  cosh y − x and y > 0

 y − tanh21x  &?  tanh y − x

The remaining inverse hyperbolic functions are defined similarly (see Exercise 28).

FIGURE 7

0

y

x

≈-¥=1

P(cosh t, sinh t)

O

y

x

P(cos t, sin t)

≈+¥=1

Q
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	 Section  6.7    Hyperbolic Functions	 487

We can sketch the graphs of sinh21, cosh21, and tanh21 in Figures 8, 9, and 10 by using 
Figures 1, 2, and 3.

0

y

x

0

y

x1

0

y

x1_1

FIGURE 8 � y − sinh21 x 
domain − R  range − R

FIGURE 9 � y − cosh21 x 
domain − f1, `d  range − f0, `d

FIGURE 10 � y − tanh21 x 
domain − s21, 1d  range − R

Since the hyperbolic functions are defined in terms of exponential functions, it’s not  
surprising to learn that the inverse hyperbolic functions can be expressed in terms of 
logarithms. In particular, we have:

3 �	  sinh21x − lnsx 1 sx 2 1 1d x [ R

4 �	  cosh21x − lnsx 1 sx 2 2 1d x > 1

5 �	  tanh21x − 1
2 lnS 1 1 x

1 2 xD  21 , x , 1

Example �3�  Show that sinh21x − lnsx 1 sx 2 1 1d.
SOLUTION � Let y − sinh21x. Then

x − sinh y −
ey 2 e2y

2

so	 ey 2 2x 2 e2y − 0

or, multiplying by ey,
e 2y 2 2xey 2 1 − 0

This is really a quadratic equation in ey:

sey d2 2 2xsey d 2 1 − 0

Solving by the quadratic formula, we get

ey −
2x 6 s4x 2 1 4 

2
− x 6 sx 2 1 1

Note that ey . 0, but x 2 sx 2 1 1 , 0 (because x , sx 2 1 1). Thus the minus sign 
is inadmissible and we have

ey − x 1 sx 2 1 1

Formula 3 is proved in Example 3.  
The proofs of Formulas 4 and 5 are 
requested in Exercises 26 and 27.
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488	 Chapter 6    Inverse Functions

Therefore	 y − lnsey d − lnsx 1 sx 2 1 1d
This shows that 	 sinh21x − lnsx 1 sx 2 1 1d

(See Exercise 25 for another method.)	 ■

6   Derivatives of Inverse Hyperbolic Functions 

 
d

dx
 ssinh21xd −

1

s1 1 x 2 
     

d

dx
 scsch21xd − 2

1

| x |sx 2 1 1

 
d

dx
 scosh21xd −

1

sx 2 2 1
     

d

dx
 ssech21xd − 2

1

xs1 2 x 2 

 
d

dx
 stanh21xd −

1

1 2 x 2      
d

dx
 scoth21xd −

1

1 2 x 2

Notice that the formulas for the deriva-
tives of tanh21x and coth21x appear to 
be identical. But the domains of these 
functions have no numbers in common: 
tanh21x is defined for | x | , 1, whereas 
coth21x is defined for | x | . 1.

The inverse hyperbolic functions are all differentiable because the hyperbolic func-
tions are differentiable. The formulas in Table 6 can be proved either by the method for 
inverse functions or by differentiating Formulas 3, 4, and 5.

Example �4�  Prove that 
d

dx
 ssinh21xd −

1

s1 1 x 2 
.

SOLUTION 1 � Let y − sinh21x. Then sinh y − x. If we differentiate this equation implic-
itly with respect to x, we get

cosh y 
dy

dx
− 1

Since cosh2 y 2 sinh2 y − 1 and cosh y > 0, we have cosh y − s1 1 sinh2 y , so

dy

dx
−

1

cosh y
−

1

s1 1 sinh2 y 
−

1

s1 1 x 2 

SOLUTION 2 � From Equation 3 (proved in Example 3), we have

 
d

dx
 ssinh21xd −

d

dx
 lnsx 1 sx 2 1 1d

 −
1

x 1 sx 2 1 1
 

d

dx
 sx 1 sx 2 1 1d

 −
1

x 1 sx 2 1 1
 S1 1

x

sx 2 1 1
D

 −
sx 2 1 1 1 x

(x 1 sx 2 1 1)sx 2 1 1

 −
1

sx 2 1 1
■
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	 Section  6.7    Hyperbolic Functions	 489

Example �5�  Find 
d

dx
 ftanh21ssin xdg.

SOLUTION � Using Table 6 and the Chain Rule, we have

 
d

dx
 ftanh21ssin xdg −

1

1 2 ssin xd2  
d

dx
 ssin xd

 −
1

1 2 sin2x
 cos x −

cos x

cos2x
− sec x ■

Example �6�  Evaluate y1

0
 

dx

s1 1 x 2 
.

SOLUTION � Using Table 6 (or Example 4) we know that an antiderivative of 1ys1 1 x 2 
is sinh21x. Therefore

y1

0
 

dx

s1 1 x 2
 − sinh21xg 0

1

 − sinh21 1

	 − ln(1 1 s2
 )        (from Equation 3)	 ■

1–6 � Find the numerical value of each expression.

	 1.	� (a)	 sinh 0	 (b)	 cosh 0

	 2.	� (a)	 tanh 0	 (b)	 tanh 1

	 3.	� (a)	 coshsln 5d	 (b)	 cosh 5

	 4.	� (a)	 sinh 4	 (b)	 sinhsln 4d

	 5.	� (a)	 sech 0	 (b)	 cosh21 1

	 6.	� (a)	 sinh 1	 (b)	 sinh21 1

7–19 � Prove the identity.

	7 .	 sinhs2xd − 2sinh x
		�  (This shows that sinh is an odd function.)

	8 .	 coshs2xd − cosh x
		�  (This shows that cosh is an even function.)

	 9.	 cosh x 1 sinh x − e x	 10.	 cosh x 2 sinh x − e2x

	11.	 sinhsx 1 yd − sinh x cosh y 1 cosh x sinh y

	12.	 coshsx 1 yd − cosh x cosh y 1 sinh x sinh y

	13.	 coth2x 2 1 − csch2x

	14.	 tanhsx 1 yd −
tanh x 1 tanh y

1 1 tanh x tanh y

	15.	 sinh 2x − 2 sinh x cosh x

	16.	 cosh 2x − cosh2x 1 sinh2x

	17.	 tanhsln xd −
x 2 2 1

x 2 1 1
	 18.	

1 1 tanh x

1 2 tanh x
− e 2x

	19.	 scosh x 1 sinh xdn − cosh nx 1 sinh nx
		�  (n any real number)

	20.	� �If tanh x − 12
13, find the values of the other hyperbolic func- 

tions at x.

	21.	�� If cosh x − 5
3 and x . 0, find the values of the other hyper- 

bolic functions at x.

	22.	� (a)	� Use the graphs of sinh, cosh, and tanh in Figures 1–3 to 
draw the graphs of csch, sech, and coth.

	 (b)	� Check the graphs that you sketched in part (a) by using a 
graphing device to produce them.

	23.	�� Use the definitions of the hyperbolic functions to find each of 
the following limits.

	 (a)	 lim
x l `

 tanh x	 (b)	 lim
x l2`

 tanh x

	 (c)	 lim
x l `

 sinh x	 (d)	 lim
x l2`

 sinh x

	 (e)	 lim
x l `

 sech x	 (f)	 lim
x l `

 coth x

	 (g)	 lim
x l

 

01
 coth x	 (h)	 lim

x l
 

02
 coth x

	 (i)	 lim
x l2`

 csch x	 ( j)	 lim
xl`

 
sinh x

e x

	24.	�� Prove the formulas given in Table 1 for the derivatives of the 
functions (a) cosh, (b) tanh, (c) csch, (d) sech, and (e) coth.

	25.	�� Give an alternative solution to Example 3 by letting 
y − sinh21x and then using Exercise 9 and Example 1(a)  
with x replaced by y.

;
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490	 chapter  6    Inverse Functions

		��  where t is the acceleration due to gravity. (See Figure 5.) 
Explain why the approximation

v < Î tL

2�
 

		�  is appropriate in deep water.

	50.	�� A flexible cable always hangs in the shape of a catenary 
y − c 1 a coshsxyad, where c and a are constants and 
a . 0 (see Figure 4 and Exercise 52). Graph several 
members of the family of functions y − a coshsxyad. How 
does the graph change as a varies?

	51.	� �A telephone line hangs between two poles 14 m apart in the 
shape of the catenary y − 20 coshsxy20d 2 15, where x and 
y are measured in meters.

	 (a)	� Find the slope of this curve where it meets the right 
pole.

	 (b)	 Find the angle � between the line and the pole.

y

0 x_7 7

5
¨

	52.	� �Using principles from physics it can be shown that when a 
cable is hung between two poles, it takes the shape of a 
curve y − f sxd that satisfies the differential equation 

d 2 y

dx 2 −
�t
T
Î1 1 S dy

dxD2 

		��  where � is the linear density of the cable, t is the accel-
eration due to gravity, T is the tension in the cable at  
its lowest point, and the coordinate system is chosen 
appropriately. Verify that the function

y − f sxd −
T

�t
 coshS �tx

T D
		�  is a solution of this differential equation.

	53.	� �A cable with linear density � − 2 kgym is strung from the 
tops of two poles that are 200 m apart.

	 (a)	� Use Exercise 52 to find the tension T so that the cable is  
60 m above the ground at its lowest point. How tall are  
the poles?

	 (b)	� If the tension is doubled, what is the new low point of 
the cable? How tall are the poles now?

	54.	�� A model for the velocity of a falling object after time t is

vstd − Îmt
k

  tanhStÎ tk

m
 D

		�  �where m is the mass of the object, t − 9.8 mys2 is the 

;

	26.	� Prove Equation 4.

	27.	�� Prove Equation 5 using (a) the method of Example 3 and  
(b) Exercise 18 with x replaced by y.

	28.	� �For each of the following functions (i) give a definition like 
those in (2), (ii) sketch the graph, and (iii) find a formula 
similar to Equation 3.

	 (a)	 csch21            (b)  sech21            (c)  coth21

	29.	� �Prove the formulas given in Table 6 for the derivatives of 
the following functions.

	 (a)	 cosh21            (b)  tanh21            (c)  csch21

	 (d)	 sech21            (e)  coth21

30–45 � Find the derivative. Simplify where possible.

	30.	 f sxd − e x cosh x

	31.	 f sxd − tanh sx 	 32.	 tsxd − sinh2 x

	33.	 hsxd − sinhsx 2d	 34.	 Fstd − lnssinh td

	35.	 Gstd − sinhsln td	

	36.	 y − sech x s1 1 ln sech xd

	37.	 y − e cosh 3x	 38.	 f std −
1 1 sinh t

1 2 sinh t

	39.	 tstd − t coth st 2 1 1 	 40.	 y − sinh21stan xd

	41.	 y − cosh21sx 

	42.	 y − x tanh21x 1 ln s1 2 x 2 

	43.	 y − x sinh21sxy3d 2 s9 1 x 2 

	44.	 y − sech21se2xd

	45.	 y − coth21ssec xd

	46.	�� Show that 
d

dx
Î4 1 1 tanh x

1 2 tanh x
  − 1

2 exy2.

	47.	� Show that 
d

dx
 arctanstanh xd − sech 2x.

	48.	�� The Gateway Arch in St. Louis was designed by Eero  
Saarinen and was constructed using the equation

y − 211.49 2 20.96 cosh 0.03291765x

	� 	� for the central curve of the arch, where x and y are mea-
sured in meters and | x | < 91.20.

	 (a)	� Graph the central curve.
	 (b)	� What is the height of the arch at its center?
	 (c)	� At what points is the height 100 m?
	 (d)	� What is the slope of the arch at the points in part (c)?

	49.	� �If a water wave with length L moves with velocity v in a 
body of water with depth d, then

v − Î tL

2�
 tanhS2�d

L D

;
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	61.	 y 
sinhsx 

sx 
 dx	 62.	 y tanh x dx

	63.	 y 
cosh x

cosh2x 2 1
 dx	 64.	 y 

sech2x

2 1 tanh x
 dx

	65.	 y6

4
 

1

st 2 2 9 
 dt	 66.	 y1

0
 

1

s16t 2 1 1
 dt

	67.	 y 
e x

1 2 e 2x  dx

	68.	� �Estimate the value of the number c such that the area under 
the curve y − sinh cx between x − 0 and x − 1 is equal  
to 1.

	69.	� (a)	� Use Newton’s method or a graphing device to  
find approximate solutions of the equation 
cosh 2x − 1 1 sinh x.

	 (b)	� Estimate the area of the region bounded by the curves 
y − cosh 2x and y − 1 1 sinh x.

	70.	�� Show that the area of the shaded hyperbolic sector in Fig
ure 7 is Astd − 1

2 t.  [Hint: First show that

Astd − 1
2 sinh t cosh t 2 ycosh

 
t

1
 sx 2 2 1 dx

		�  and then verify that A9std − 1
2.g

	71.	� �Show that if a ± 0 and b ± 0, then there exist numbers �  
and � such that ae x 1 be2x equals either � sinhsx 1 �d or 
� coshsx 1 �d. In other words, almost every function of the 
form f sxd − ae x 1 be2x is a shifted and stretched hyper-
bolic sine or cosine function.

;

;

		��  acceleration due to gravity, k is a constant, t is measured in 
seconds, and v in mys.

	 (a)	� Calculate the terminal velocity of the object, that is, 
lim tl` vstd.

	 (b)	� If a person falls from a building, the value of the con-
stant k depends on his or her position. For a “belly-to-
earth” position, k − 0.515 kgys, but for a “feet-first” 
position, k − 0.067 kgys. If a 60-kg person falls in 
belly-to-earth position, what is the terminal velocity? 
What about feet-first? 

Source: L. Long et al., “How Terminal Is Terminal Velocity?” American 
Mathematical Monthly 113 (2006): 752–55.

	55.	� (a)	� Show that any function of the form

y − A sinh mx 1 B cosh mx

			�   satisfies the differential equation y 0 − m 2 y.
	 (b)	� Find y − ysxd such that y 0 − 9y, ys0d − 24,  

and y9s0d − 6.

	56.	� �If x − lnssec � 1 tan �d, show that sec � − cosh x.

	57.	� �At what point of the curve y − cosh x does the tangent have 
slope 1?

	58.	�� Investigate the family of functions

fnsxd − tanhsn sin xd

		��  where n is a positive integer. Describe what happens to the 
graph of fn when n becomes large.

59–67 � Evaluate the integral.

	59.	 y sinh x cosh2x dx	 60.	 y sinhs1 1 4xd dx

;

Suppose we are trying to analyze the behavior of the function

Fsxd −
ln x

x 2 1

Although F is not defined when x − 1, we need to know how F behaves near 1. In par-
ticular, we would like to know the value of the limit

lim
x l1

 
ln x

x 2 1

In computing this limit we can’t apply Law 5 of limits (the limit of a quotient is the 
quotient of the limits, see Section 1.6) because the limit of the denominator is 0. In fact, 
although the limit in (1) exists, its value is not obvious because both numerator and 
denominator approach 0 and 00 is not defined.

In general, if we have a limit of the form

lim
x l a

 
 f sxd
tsxd

where both f sxd l 0 and tsxd l 0 as x l a, then this limit may or may not exist and is 
called an indeterminate form of type 0

0. We met some limits of this type in Chapter 1. 

1
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492	 Chapter 6    Inverse Functions

For rational functions, we can cancel common factors:

lim
x l1

 
x 2 2 x

x 2 2 1
− lim

x l1
 

xsx 2 1d
sx 1 1dsx 2 1d

− lim
x l1

 
x

x 1 1
−

1

2

We used a geometric argument to show that

lim
x l 0

 
sin x

x
− 1

But these methods do not work for limits such as (1), so in this section we introduce a 
systematic method, known as l’Hospital’s Rule, for the evaluation of indeterminate forms.

Another situation in which a limit is not obvious occurs when we look for a horizontal 
asymptote of F and need to evaluate the limit

lim
x l `

 
ln x

x 2 1

It isn’t obvious how to evaluate this limit because both numerator and denominator 
become large as x l `. There is a struggle between numerator and denominator. If the 
numerator wins, the limit will be ` (the numerator was increasing significantly faster 
than the denominator); if the denominator wins, the answer will be 0. Or there may be 
some compromise, in which case the answer will be some finite positive number.

In general, if we have a limit of the form

lim
x l a

 
 f sxd
tsxd

where both f sxd l ` (or 2`) and tsxd l ` (or 2`), then the limit may or may not 
exist and is called an indeterminate form of type `y`. We saw in Section 3.4 that 
this type of limit can be evaluated for certain functions, including rational functions, by 
dividing numerator and denominator by the highest power of x that occurs in the denom-
inator. For instance,

lim
x l `

 
x 2 2 1

2x 2 1 1
− lim

x l `
 

1 2
1

x 2

2 1
1

x 2

−
1 2 0

2 1 0
−

1

2

This method does not work for limits such as (2), but l’Hospital’s Rule also applies to this 
type of indeterminate form.

L’Hospital’s Rule � �Suppose f  and t are differentiable and t9sxd ± 0 on an open 
interval I that contains a (except possibly at a). Suppose that

 lim
x l a

 f sxd − 0        and         lim
x l a

 tsxd − 0

or that	  lim
x l a

 f sxd − 6`        and         lim
x l a

 tsxd − 6`

(In other words, we have an indeterminate form of type 00 or ỳ`.) Then

lim
x l a

 
 f sxd
tsxd

− lim
x l a

 
 f 9sxd
t9sxd

if the limit on the right side exists (or is ` or 2`).

2

Figure 1 suggests visually why 
l’Hospital’s Rule might be true. The 
first graph shows two differentiable 
functions f  and t, each of which 
approaches 0 as x l a. If we were 
to zoom in toward the point sa, 0d, 
the graphs would start to look almost 
linear. But if the functions actually 
were linear, as in the second graph, 
then their ratio would be

m1sx 2 ad
m2sx 2 ad

−
m1

m2

which is the ratio of their deriva-
tives. This suggests that

lim
x l a

 
f sxd
tsxd

− lim 
x l a

 
 f 9sxd
t9sxd

FIGURE 1 

0

y

xa

y=m¡(x-a)

y=m™(x-a)

0

y

xa

f

g
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Note 1  L’Hospital’s Rule says that the limit of a quotient of functions is equal to the 
limit of the quotient of their derivatives, provided that the given conditions are satisfied. 
It is especially important to verify the conditions regarding the limits of f  and t before 
using l’Hospital’s Rule.

Note 2  L’Hospital’s Rule is also valid for one-sided limits and for limits at infinity 
or negative infinity; that is, “x l a” can be replaced by any of the symbols x l a1, 
x l a2, x l `, or x l 2`.

Note 3  For the special case in which f sad − tsad − 0, f 9 and t9 are continuous, and 
t9sad ± 0, it is easy to see why l’Hospital’s Rule is true. In fact, using the alternative form 
of the definition of a derivative, we have

 lim
x l a

 
 f 9sxd
t9sxd

−
 f 9sad
t9sad

−

lim
x l a

 
 f sxd 2 f sad

x 2 a

lim
x l a

 
tsxd 2 tsad

x 2 a

− lim
x l a

 

 
 f sxd 2 f sad

x 2 a

 
tsxd 2 tsad

x 2 a

	   − lim
x l a

 
 f sxd 2 f sad
tsxd 2 tsad

− lim
x l a

 
 f sxd
tsxd

    fsince f sad − tsad − 0g

The general version of l’Hospital’s Rule for the indeterminate form 0
0 is somewhat 

more difficult and its proof is deferred to the end of this section. The proof for the inde-
terminate form ỳ` can be found in more advanced books.

Example �1�  Find lim
x l 1

 
ln x

x 2 1
.

SOLUTION � Since

lim
x l1

 ln x − ln 1 − 0        and        lim
x l1

 sx 2 1d − 0

the limit is an indeterminate form of type 00 , so we can apply l’Hospital’s Rule:

 lim
x l 1

 
ln x

x 2 1
− lim

x l 1
 

d

dx
 sln xd

d

dx
 sx 2 1d

− lim
x l 1

 
1yx

1

	 − lim
x l 1

 
1

x
− 1	 n

Example �2�  Calculate lim
x l `

 
ex

x 2 .

SOLUTION � We have lim x l ` ex − ` and lim x l ` x 2 − `, so the limit is an indetermi-
nate form of type `y`, and l’Hospital’s Rule gives

lim
x l `

ex

x 2 − lim
x l `

 

d

dx
sex d

d

dx
sx 2d

− lim
x l `

 
ex

2x

Since ex l ` and 2x l ` as x l `, the limit on the right side is also indeterminate, but 

L’Hospital
L’Hospital’s Rule is named after a 
French nobleman, the Marquis de 
l’Hospital (1661–1704), but was dis-
covered by a Swiss mathematician, 
John Bernoulli (1667–1748). You 
might sometimes see l’Hospital 
spelled as l’Hôpital, but he spelled 
his own name l’Hospital, as was 
common in the 17th century. See 
Exercise 95 for the example that the 
Marquis used to illustrate his rule. See 
the project on page 503 for further 
historical details.

  Notice that when using 
l’Hospital’s Rule we differentiate the 
numerator and denominator sepa-
rately. We do not use the Quotient 
Rule. 

The graph of the function of Example 2 
is shown in Figure 2. We have noticed 
previously that exponential functions 
grow far more rapidly than power func-
tions, so the result of Example 2 is not 
unexpected. See also Exercise 73.

y=´
≈

10

20

0

FIGURE 2
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494	 Chapter 6    Inverse Functions

a second application of l’Hospital’s Rule gives

	 lim
x l `

 
ex

x 2 − lim
x l `

 
ex

2x
− lim

x l `
 
ex

2
− `	 n

Example �3�  Calculate lim
x l `

 
ln x

s3 x 
.

SOLUTION � Since ln x l ` and s3 x l ` as x l `, l’Hospital’s Rule applies:

lim
x l `

 
ln x

s3 x 
− lim

x l `
 

1yx
1
3 x22y3

Notice that the limit on the right side is now indeterminate of type 00. But instead of 
applying l’Hospital’s Rule a second time as we did in Example 2, we simplify the 
expression and see that a second application is unnecessary:

	 lim
x l `

 
ln x

s3 x 
− lim

x l `
 

1yx
1
3 x22y3 − lim

x l `
 

3

s3 x 
− 0 	 n

In both Examples 2 and 3 we evaluated limits of type `y`, but we got two different 
results. In Example 2, the infinite limit tells us that the numerator ex increases signifi-
cantly faster than the denominator x 2, resulting in larger and larger ratios. In fact, y − ex 
grows more quickly than all the power functions y − xn (see Exercise 73). In Exam- 
ple 3 we have the opposite situation; the limit of 0 means that the denominator outpaces 
the numerator, and the ratio eventually approaches 0. 

Example �4�  Find lim
x l 0

 
tan x 2 x

x 3 . (See Exercise 1.5.44.)

SOLUTION � Noting that both tan x 2 x l 0 and x 3 l 0 as x l 0, we use l’Hospital’s 
Rule:

lim
x l 0

 
tan x 2 x

x 3 − lim
x l 0

 
sec2x 2 1

3x 2

Since the limit on the right side is still indeterminate of type 00 , we apply l’Hospital’s 
Rule again:

lim
x l 0

 
sec2x 2 1

3x 2 − lim
x l 0

 
2 sec2x tan x

6x

Because limx l 0 sec2x − 1, we simplify the calculation by writing

lim
x l 0

 
2 sec2x tan x

6x
−

1

3
 lim
x l 0

 sec2x ? lim
x l 0

 
tan x

x
−

1

3
 lim
xl 0

 
tan x

x

We can evaluate this last limit either by using l’Hospital’s Rule a third time or by 
writing tan x as ssin xdyscos xd and making use of our knowledge of trigonometric 
limits. Putting together all the steps, we get

lim
x l 0

 
tan x 2 x

x3 − lim
x l 0

 
sec2x 2 1

3x2 − lim
x l 0

 
2 sec2x tan x

6x

	  −
1

3
 lim

x l 0
 
tan x

x
−

1

3
 lim
x l 0

 
sec2x

1
−

1

3
	 n

The graph of the function of Exam
ple 3 is shown in Figure 3. We have 
discussed previously the slow growth of 
logarithms, so it isn’t surprising that this 
ratio approaches 0 as x l `. See also 
Exercise 74.

0

_1

2

10,000

y= ln x
Œ„x

FIGURE 3

The graph in Figure 4 gives visual 
confirmation of the result of Example 4. 
If we were to zoom in too far, how- 
ever, we would get an inaccurate graph 
because tan x is close to x when x is 
small. See Exercise 1.5.44(d).

FIGURE 4 �

y= tan x- x
˛

0
_1 1

1
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Example �5�  Find  lim
x l �2

 sin x

1 2 cos x
.

SOLUTION � If we blindly attempted to use l’Hospital’s Rule, we would get

 lim
x l �2

 sin x

1 2 cos x
− lim

x l �2
 cos x

sin x
− 2`

This is wrong! Although the numerator sin x l 0 as x l �2, notice that the denomi-
nator s1 2 cos xd does not approach 0, so l’Hospital’s Rule can’t be applied here.

The required limit is, in fact, easy to find because the function is continuous at � 
and the denominator is nonzero there:

	 lim
x l �2

 sin x

1 2 cos x
−

sin �

1 2 cos �
−

0

1 2 s21d
− 0	 n

Example 5 shows what can go wrong if you use l’Hospital’s Rule without think-
ing. Other limits can be found using l’Hospital’s Rule but are more easily found by other 
methods. (See Examples 1.6.3, 1.6.5, and 3.4.3, and the discussion at the beginning of 
this section.) So when evaluating any limit, you should consider other methods before 
using l’Hospital’s Rule.

Indeterminate Products
If lim x l a f sxd − 0 and lim x l a tsxd − ` (or 2`), then it isn’t clear what the value of 
lim x l a f f sxd tsxdg, if any, will be. There is a struggle between f  and t. If f  wins, the 
answer will be 0; if t wins, the answer will be ` (or 2`). Or there may be a compromise 
where the answer is a finite nonzero number. This kind of limit is called an indetermi-
nate form of type 0 � `. We can deal with it by writing the product ft as a quotient:

ft −
 f

1yt         or        ft −
t

1yf

This converts the given limit into an indeterminate form of type 00 or ỳ` so that we can 
use l’Hospital’s Rule.

Example �6�  Evaluate lim
x l

 

01
 x ln x.

SOLUTION � The given limit is indeterminate because, as x l 01, the first factor sxd  
approaches 0 while the second factor sln xd approaches 2`. Writing x − 1ys1yxd, we 
have 1yx l ` as x l 01, so l’Hospital’s Rule gives

	  lim
x l 01

 x ln x − lim
x l 01

 ln x

1yx
− lim

x l 01

 1yx

21yx 2
− lim

x l 01
 s2xd − 0	 n

Note  In solving Example 6 another possible option would have been to write

lim
x l 01

 x ln x − lim
x l 01

 
x

1yln x

This gives an indeterminate form of the type 00, but if we apply l’Hospital’s Rule we get 
a more complicated expression than the one we started with. In general, when we rewrite 
an indeterminate product, we try to choose the option that leads to the simpler limit.

Figure 5 shows the graph of the 
function in Example 6. Notice that 
the function is undefined at x − 0; 
the graph approaches the origin but 
never quite reaches it.

0

y

x1

y=x ln x

FIGURE 5 �
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496	 Chapter 6    Inverse Functions

Example �7�  Use l’Hospital’s Rule to help sketch the graph of f sxd − xex.

SOLUTION � Because both x and ex become large as x l `, we have lim x l ` xex − `.  
As x l 2`, however, ex l 0 and so we have an indeterminate product that requires 
the use of l’Hospital’s Rule:

lim
x l2` 

xex − lim
x l2`

 
x

e2x − lim
x l2`

 
1

2e2x − lim
x l2`

s2ex d − 0

Thus the x-axis is a horizontal asymptote.
We use the methods of Chapter 3 to gather other information concerning the graph. 

The derivative is

f 9sxd − xex 1 ex − sx 1 1dex

Since ex is always positive, we see that f 9sxd . 0 when x 1 1 . 0, and f 9sxd , 0 
when x 1 1 , 0. So f  is increasing on s21, `d and decreasing on s2`, 21d.  
Because f 9s21d − 0 and f 9 changes from negative to positive at x − 21, 
f s21d − 2e21 < 20.37 is a local (and absolute) minimum. The second derivative is

f 0sxd − sx 1 1dex 1 ex − sx 1 2dex

Since f 0sxd . 0 if x . 22 and f 0sxd , 0 if x , 22, f  is concave upward on  
s22, `d and concave downward on s2`, 22d. The inflection point is  
s22, 22e22 d < s22, 20.27d.

We use this information to sketch the curve in Figure 6.	 n

Indeterminate Differences
If lim x l a f sxd − ` and lim x l a tsxd − `, then the limit

lim
x l a

 f f sxd 2 tsxdg

is called an indeterminate form of type ` 2 `. Again there is a contest between f  and 
t. Will the answer be ` ( f  wins) or will it be 2` (t wins) or will they compromise on a 
finite number? To find out, we try to convert the difference into a quotient (for instance, 
by using a common denominator, or rationalization, or factoring out a common factor) 
so that we have an indeterminate form of type 00 or ỳ` .

Example �8�  Compute lim
x l

 

s�y2d2
 ssec x 2 tan xd.

SOLUTION � First notice that sec x l ` and tan x l ` as x l s�y2d2, so the limit is 
indeterminate. Here we use a common denominator:

 lim
x l

 

s�y2d2
 ssec x 2 tan xd − lim

x l
 

s�y2d2
 S 1

cos x
2

sin x

cos xD
 − lim

x l
 

s�y2d2
 
1 2 sin x

cos x
− lim

x l
 

s�y2d2
  
2cos x

2sin x
− 0

Note that the use of l’Hospital’s Rule is justified because 1 2 sin x l 0 and cos x l 0 
as x l s�y2d2.	 n

x

y

1

_1_2

y=x´

(_1, _1/e)

FIGURE 6�   
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Indeterminate Powers
Several indeterminate forms arise from the limit

lim
x la

− f f sxdg tsxd

1.	� lim
x l a

 f sxd − 0	 and	 lim
x l a

 tsxd − 0	 type 00

2.	� lim
x l a

 f sxd − `	 and	 lim
x l a

 tsxd − 0	 type ` 0

3.	� lim
x l a

 f sxd − 1	 and	 lim
x l a

 tsxd − 6`	 type 1`

Each of these three cases can be treated either by taking the natural logarithm:

let    y − f f sxdg tsxd,    then    ln y − tsxd ln f sxd

or by writing the function as an exponential:

f f sxdg tsxd − e tsxd ln f sxd

(Recall that both of these methods were used in differentiating such functions.) In either 
method we are led to the indeterminate product tsxd ln f sxd, which is of type 0 � `.

Example �9 � Calculate lim
x l 01

 s1 1 sin 4xdcot x.

SOLUTION � First notice that as x l 01, we have 1 1 sin 4x l 1 and cot x l `, so the 
given limit is indeterminate (type 1`). Let

y − s1 1 sin 4xdcot x

Then	  ln y − lnfs1 1 sin 4xdcot x g − cot x lns1 1 sin 4xd −
lns1 1 sin 4xd

tan x

so l’Hospital’s Rule gives

lim
x l 01

 ln y − lim
xl 01

lns1 1 sin 4xd
tan x

− lim
x l 01

 

4 cos 4x

1 1 sin 4x

sec2x
− 4

So far we have computed the limit of ln y, but what we want is the limit of y. To find 
this we use the fact that y − e ln y:

	 lim
x l 01

 s1 1 sin 4xdcot x − lim
x l 01

 y − lim
x l 01

 e ln y − e 4	 n

Example �10  Find lim
x l 01

 x x.

SOLUTION � Notice that this limit is indeterminate since 0 x − 0 for any x . 0 but 
x 0 − 1 for any x ± 0. (Recall that 00 is undefined.) We could proceed as in Example 9 
or by writing the function as an exponential:

x x − se ln x dx − ex ln x

In Example 6 we used l’Hospital’s Rule to show that

lim
x l 01

 x ln x − 0

Although forms of the type 00, `0, 
and 1` are indeterminate, the form 
0` is not indeterminate. (See 
Exercise 98.)

The graph of the function y − x x, 
x . 0, is shown in Figure 7. Notice 
that although 00 is not defined, the 
values of the function approach 1 as 
x l 01. This confirms the result of 
Example 10.

Figure 7

2

0
2_1
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498	 Chapter 6    Inverse Functions

Therefore	

	 lim
x l 01

 x x − lim
x l 01

 ex ln x − e 0 − 1	 n

In order to give the promised proof of l’Hospital’s Rule, we first need a generalization 
of the Mean Value Theorem. The following theorem is named after another French math-
ematician, Augustin-Louis Cauchy (1789–1857).

3 �  Cauchy’s Mean Value Theorem�  Suppose that the functions f  and t are  
continuous on fa, bg and differentiable on sa, bd, and t9sxd ± 0 for all x in sa, bd. 
Then there is a number c in sa, bd such that

 f 9scd
t9scd

−
 f sbd 2 f sad
tsbd 2 tsad

See the biographical sketch of Cauchy  
on page 77.

Notice that if we take the special case in which tsxd − x, then t9scd − 1 and Theo-
rem 3 is just the ordinary Mean Value Theorem. Furthermore, Theorem 3 can be proved 
in a similar manner. You can verify that all we have to do is change the function h given 
by Equation 3.2.4 to the function

hsxd − f sxd 2 f sad 2
 f sbd 2 f sad
tsbd 2 tsad

 ftsxd 2 tsadg

and apply Rolle’s Theorem as before.

Proof of L’Hospital’s Rule�  We are assuming that lim x l a f sxd − 0 and 
lim x l a tsxd − 0. Let

L − lim
x l a

 
 f 9sxd
t9sxd

We must show that lim x l a f sxdytsxd − L. Define

Fsxd − Hf sxd
0

if x ± a

if x − a
Gsxd − Htsxd

0

if x ± a

if x − a

Then F is continuous on I since f  is continuous on hx [ I | x ± aj and

lim
x l a

 Fsxd − lim
x l a

 f sxd − 0 − Fsad

Likewise, G is continuous on I. Let x [ I and x . a. Then F and G are continuous on 
fa, xg and differentiable on sa, xd and G9 ± 0 there (since F9 − f 9 and G9 − t9). There
fore, by Cauchy’s Mean Value Theorem, there is a number y such that a , y , x and

F9syd
G9syd

−
Fsxd 2 Fsad
Gsxd 2 Gsad

−
Fsxd
Gsxd

Here we have used the fact that, by definition, Fsad − 0 and Gsad − 0. Now, if we let 
x l a1, then y l a1 (since a , y , x), so

lim
x l a1

 
 f sxd
tsxd

− lim
x l a1

 
Fsxd
Gsxd

− lim
y l a1

F9syd
G9syd

− lim
y l a1

 f 9syd
t9syd

− L
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	 Section  6.8    Indeterminate  Forms and l’Hospital’s Rule	 499

A similar argument shows that the left-hand limit is also L. Therefore

lim
x l a

f sxd
tsxd

− L

This proves l’Hospital’s Rule for the case where a is finite.
If a is infinite, we let t − 1yx. Then t l 01 as x l `, so we have

	  lim
x l `

f sxd
tsxd

− lim
t l 01

f s1ytd
ts1ytd

	  − lim
t l 01

f 9s1ytds21yt 2 d
t9s1ytds21yt 2 d

        (by l’Hospital’s Rule for finite a) 

	  − lim
t l 01

f 9s1ytd
t9s1ytd

− lim
x l `

f 9sxd
t9sxd

	 ■

1–4 � Given that

lim
x l a

 f sxd − 0        lim
x l a

 tsxd − 0       lim
x l a

 hsxd − 1

lim
x l a

 psxd − `       lim
x l a

 qsxd − `

which of the following limits are indeterminate forms? For  
those that are not an indeterminate form, evaluate the limit where 
possible.

	 1.	� (a)	 lim
x l a

 
 f sxd
tsxd

	 (b)	 lim
x l a

 
 f sxd
psxd

	 (c)	 lim
x l a

 
hsxd
psxd

	 (d)	 lim
x l a

 
psxd
 f sxd

	 (e)	 lim
x l a

 
psxd
qsxd

	 2.	� (a)	 lim
x l a

 f f sxdpsxdg	 (b)	 lim
x l a

 fhsxdpsxdg

	 (c)	 lim
x l a

 f psxdqsxdg

	 3.	� (a)	 lim
x l a

 f f sxd 2 psxdg	 (b)	 lim
x l a

 f psxd 2 qsxdg

	 (c)	 lim
x l a

 f psxd 1 qsxdg

	 4.	� (a)	 lim
xl a

 f f sxdg tsxd	 (b)	 lim
x l a 

f f sxdg psxd

	 (c)	 lim
x l a

 fhsxdg psxd	 (d)	    lim
x l a

 f psxdg f sxd

	 (e)	 lim
x l a

 f psxdgqsxd	 (f)	 lim
x l a

 qsxdspsxd

5–6 � Use the graphs of f and t and their tangent lines at s2, 0d to 

find lim
x l

 

2
 
f sxd
tsxd

.

	5.  y y=1.8(x-2)

x0
y=    (x-2)4

5

2

f

g

    6. � y
y=1.5(x-2)

x0
2

y=2-x

f

g

	 7.	� �The graph of a function f  and its tangent line at 0 are shown. 

What is the value of lim
x l

 

0
 

f sxd
e x 2 1

?

0

y

x

y=ƒ

y=x

8–68 � Find the limit. Use l’Hospital’s Rule where appropriate. If 
there is a more elementary method, consider using it. If l’Hospital’s 
Rule doesn’t apply, explain why.

	 8.	 lim
x l 3

 
x 2 3

x 2 2 9

	 9.	 lim
x l

 

4
  

x 2 2 2x 2 8

x 2 4
	 10.	 lim

x l 22
 
x 3 1 8

x 1 2
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500	 chapter  6    Inverse Functions

	51.	 lim
x l 1

 S x

x 2 1
2

1

ln xD	 52.	 lim
x l 0

 scsc x 2 cot xd

	53.	 lim
x l

 

01S 1

x
2

1

e x 2 1D	 54.	 lim
x l 01

 S 1

x
2

1

tan21 xD
	55.	 lim

x l `
 sx 2 ln xd	

	56.	 lim
x l

 

11
 flnsx 7 2 1d 2 lnsx 5 2 1dg

	57.	 lim
x l

 

01
 xsx 

	 58.	 lim
x l 01

 stan 2xdx

	59.	 lim
x l 0

 s1 2 2xd1yx	 60.	 lim
x l `

 S1 1
a

xDbx

	61.	 lim
x l

 

11
 x 1ys12xd	 62.	 lim

x l `
 x sln 2dys1 1 ln xd

	63.	 lim
x l `

 x 1yx	 64.	 lim
x l `

 x e2x

	65.	 lim
x l

 

01
 s4x 1 1dcot x	 66.	 lim

x l 1
 s2 2 xdtans�xy2d

	67.	 lim
x l 01

 s1 1 sin 3xd1yx	 68.	 lim
x l `

 S 2x 2 3

2x 1 5D2x11

69–70 � Use a graph to estimate the value of the limit. Then use 
l’Hospital’s Rule to find the exact value.

	69.	 lim
x l `

 S1 1
2

xD
x

	 70.	 lim
x l 0

 
5x 2 4x

3x 2 2x

71–72 � Illustrate l’Hospital’s Rule by graphing both f sxdytsxd 
and f 9sxdyt9sxd near x − 0 to see that these ratios have the same 
limit as x l 0. Also, calculate the exact value of the limit.

	71.	� f sxd − e x 2 1,    tsxd − x 3 1 4x

	72.	� f sxd − 2x sin x,    tsxd − sec x 2 1

	73.	 ��Prove that

lim
x l `

 
e x

x n − `

for any positive integer n. This shows that the exponential 
function approaches infinity faster than any power of x.

	74.	� Prove that

lim
x l `

 
ln x

x p − 0

�for any number p . 0. This shows that the logarithmic 
function approaches infinity more slowly than any power 
of x.

;

;

	11.	 lim 
x l

 

1

x 3 2 2x 2 1 1

x 3 2 1
	 12.	 lim

x l 1y2
 

6x 2 1 5x 2 4

4x 2 1 16x 2 9

	13. 	  lim
x l

 

s�y2d1
 cos x

1 2 sin x
	 14.	 lim

x l 0
 

tan 3x

sin 2x

	15. 	 lim
t l 0

 
e 2 t 2 1

sin t
	 16.	 lim

x  l 0
  

x 2

1 2 cos x

	17.	 lim
� l �y2

 
1 2 sin �

1 1 cos 2�
	 18.	 lim

� l �
 
1 1 cos �

1 2 cos �

	19.	 lim
x l `

 
ln x

sx 
	 20.	 lim

x l `
 

x 1 x 2

1 2 2x 2

	21.	 lim
x l 01

 
ln x

x
	 22.	 lim

x l `
 
lnsx 

x 2

	23.	 lim
t l 1

 
t 8 2 1

t 5 2 1
	 24.	 lim

t l 0
 
8 t 2 5 t

t

	25.	 lim
x l 0

 
s1 1 2x 2 s1 2 4x 

x
	 26.	 lim

ul `
 
e uy10

u3

	27.	 lim
x l 0

 
e x 2 1 2 x

x 2 	 28.	 lim
x l 0

 
sinh x 2 x

x 3

	29.	 lim
x l 0

 
tanh x

tan x
	 30.	 lim

x l 0
 
x 2 sin x

x 2 tan x

	31.	 lim
x l 0

 
sin21x

x
	 32.	 lim

x l `
 
sln xd2

x

	33.	 lim
x l 0

 
x3 x

3x 2 1
	 34.	 lim

x l 0
 
cos mx 2 cos nx

x 2

	35.	 lim
x l 0

 
lns1 1 xd

cos x 1 ex 2 1
	 36.	 lim

x l 1
 

x sinsx 2 1d
2x 2 2 x 2 1

	37.	 lim
x l 01 

 
arctans2xd

ln x
	 38.	 lim

x l
 

01 
x x 2 1

ln x 1 x 2 1

	39.	 lim
x l 1

 
x a 2 1

x b 2 1
, b ± 0	 40.	 lim

x l 0
 
e x 2 e2x 2 2x

x 2 sin x

	41.	 lim
x l 0

 
cos x 2 1 1 1

2 x 2

x 4 	 42.	 lim
x l

 

a1 
cos x lnsx 2 ad

lnse x 2 ea d

	43.	 lim
x l `

 x sins�yxd	 44.	 lim
x l `

 sx  e2xy2

	45.	 lim
x l 0

 sin 5x csc 3x	 46.	 lim
x l 2`

 x lnS1 2
1

xD
	47.	 lim

x l `
 x 3e 2x 2

	 48.	 lim
x l `

 x 3y2 sins1yxd

	49.	 lim
x l

 

11 ln x tans�xy2d	 50.	 lim
x l

 

s�y2d2
cos x sec 5x
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	 Section  6.8    Indeterminate Forms and l’Hospital’s Rule	 501

	89.	� �If an initial amount A0 of money is invested at an interest 
rate r compounded n times a year, the value of the invest­
ment after t years is

A − A0S1 1
r

nDnt

If we let n l `, we refer to the continuous compounding 
of interest. Use l’Hospital’s Rule to show that if interest is 
compounded continuously, then the amount after t years is

A − A0ert

	90.	� �Light enters the eye through the pupil and strikes the retina, 
where photoreceptor cells sense light and color. W. Stanley 
Stiles and B. H. Crawford studied the phenomenon in which 
measured brightness decreases as light enters farther from  
the center of the pupil. (See the figure.) 

B

A

A light beam A that enters through the center of the pupil  
measures brighter than a beam B entering near the edge of  
the pupil.

They detailed their findings of this phenomenon, known as 
the Stiles–Crawford effect of the first kind, in an important 
paper published in 1933. In particular, they observed that 
the amount of luminance sensed was not proportional to 
the area of the pupil as they expected. The percentage P of 
the total luminance entering a pupil of radius r mm that is 
sensed at the retina can be described by

P −
1 2 102�r 2

�r 2  ln 10

where � is an experimentally determined constant, typically 
about 0.05.

		  (a)	� What is the percentage of luminance sensed by a pupil 
of radius 3 mm? Use � − 0.05.

		  (b)	� Compute the percentage of luminance sensed by a pupil 
of radius 2 mm. Does it make sense that it is larger than 
the answer to part (a)?

		  (c)	� Compute lim rl01 P. Is the result what you would  
expect? Is this result physically possible?

Source: Adapted from W. Stiles and B. Crawford, “The Luminous Efficiency 
of Rays Entering the Eye Pupil at Different Points.” Proceedings of the 
Royal Society of London, Series B: Biological Sciences 112 (1933): 428–50.

75–76 � What happens if you try to use l’Hospital’s Rule to find 
the limit? Evaluate the limit using another method.

	75.	 lim
xl `

 
x

sx 2 1 1
	 76.	 lim

x l
 

s�y2d2
 
sec x

tan x

77–82 � Use l’Hospital’s Rule to help sketch the curve. Use the 
guidelines of Section 3.5.

	77.	 y − xe2x	 78.	 y −
ln x

x 2

	79.	 y − xe2x 2
	 80.	 y − e xyx

	81.	 y −
1
x 1 ln x	 82.	 y − sx 2 2 3de2x

83–85
�	(a)  Graph the function.
(b) � Use l’Hospital’s Rule to explain the behavior as x l 01 or  

as x l `.
(c) � Estimate the maximum and minimum values and then use  

calculus to find the exact values.
(d) � Use a graph of f 0 to estimate the x-coordinates of the inflec-

tion points.

	83.	 f sxd − x2x	 84.	 f sxd − ssin xdsin x

	85.	 f sxd − x 1yx

	86.	�� Investigate the family of curves given by f sxd − x ne2x, 
where n is a positive integer. What features do these curves 
have in common? How do they differ from one another? In 
particular, what happens to the maximum and minimum 
points and inflection points as n increases? Illustrate by 
graphing several members of the family.

	87.	� �Investigate the family of curves f sxd − e x 2 cx. In par- 
ticular, find the limits as x l 6` and determine the values 
of c for which f  has an absolute minimum. What happens to 
the minimum points as c increases?

	88.	� �If an object with mass m is dropped from rest, one model 
for its speed v after t seconds, taking air resistance into 
account, is

v −
mt
c

 s1 2 e 2ctym d

��where t is the acceleration due to gravity and c is a positive 
constant. (In Chapter 9 we will be able to deduce this equa­
tion from the assumption that the air resistance is propor­
tional to the speed of the object; c is the proportionality 
constant.)

	 (a)	 Calculate lim t l ` v. What is the meaning of this limit?
	 (b)	� For fixed t, use l’Hospital’s Rule to calculate lim cl 01

 v. 
What can you conclude about the velocity of a falling 
object in a vacuum?

CAS

;

;
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502	 chapter  6    Inverse Functions

	 96.	�� The figure shows a sector of a circle with central angle �. Let 
As�d be the area of the segment between the chord PR and  
the arc PR. Let Bs�d be the area of the triangle PQR. Find 
lim �

 
l

  01  �s�dy�s�d.

P

Q R

A(¨)

B(¨)

O
¨

	 97.	� Evaluate 

lim
x l `

 Fx 2 x 2 lnS 1 1 x

x DG
	 98.	�� Suppose f  is a positive function. If lim xl a f sxd − 0 and 

lim xl a tsxd − `, show that

lim
x  l a

 f f sxdg tsxd − 0

		�  This shows that 0` is not an indeterminate form.

	 99.	� �If f 9 is continuous, f s2d − 0, and f 9s2d − 7, evaluate

lim
x l 0

 
 f s2 1 3xd 1 f s2 1 5xd

x

	100.	�� For what values of a and b is the following equation true?

lim
x l 0

 S sin 2x

x3 1 a 1
b

x2D − 0

	101.	 �If f 9 is continuous, use l’Hospital’s Rule to show that

lim
h l 0

 
 f sx 1 hd 2 f sx 2 hd

2h
− f 9sxd

		��  Explain the meaning of this equation with the aid of a 
diagram.

	102.	� If f 0 is continuous, show that

lim
h l 0

 
 f sx 1 hd 2 2 f sxd 1 f sx 2 hd

h 2 − f 0sxd

	103.	� Let

f sxd − He21yx 2

0

 if  x ± 0

 if  x − 0

	 (a)	 Use the definition of derivative to compute f 9s0d.
	 (b)	� Show that f  has derivatives of all orders that are defined 

on R.  [Hint: First show by induction that there is a 
polynomial pnsxd and a nonnegative integer kn such that 
f sndsxd − pnsxdf sxdyxkn for x ± 0.]

	91.	� �Some populations initally grow exponentially but eventually 
level off. Equations of the form

Pstd −
M

1 1 Ae2kt

where M, A, and k are positive constants, are called logistic 
equations and are often used to model such populations. (We 
will investigate these in detail in Chapter 9.) Here M is called 
the carrying capacity and represents the maximum population

size that can be supported, and A −
M 2 P0

P0

, where P0 is the 
initial population.

	 (a)	� Compute lim tl ` Pstd. Explain why your answer is to be 
expected.

	 (b)	� Compute lim Ml ` Pstd. (Note that A is defined in terms  
of M.) What kind of function is your result?

	92.	� �A metal cable has radius r and is covered by insulation so that 
the distance from the center of the cable to the exterior of the 
insulation is R. The velocity v of an electrical impulse in the 
cable is 

v − 2cS r

RD2
 lnS r

RD
where c is a positive constant. Find the following limits and 
interpret your answers.

	 (a)	� lim
R l

 

r1
 v	 (b)	 lim

r l
 

01
 v

	93.	� �In Section 4.3 we investigated the Fresnel function 
Ssxd − yx

0 sin(1
2 � t 2) dt, which arises in the study of the diffrac­

tion of light waves. Evaluate

lim 
x l 0

 
Ssxd
x 3

	94.	�� Suppose that the temperature in a long thin rod placed along 
the x-axis is initially Cys2ad if | x | < a and 0 if | x | . a. It can 
be shown that if the heat diffusivity of the rod is k, then the 
temperature of the rod at the point x at time t is

Tsx, td −
C

as4�kt 
 ya

0
 e2sx2ud2ys4ktd du

		�  �To find the temperature distribution that results from an initial 
hot spot concentrated at the origin, we need to compute

lim 
a l 0

 Tsx, td

		�  Use l’Hospital’s Rule to find this limit.

	95.	�� The first appearance in print of l’Hospital’s Rule was in the 
book Analyse des Infiniment Petits published by the Marquis 
de l’Hospital in 1696. This was the first calculus textbook ever 
published and the example that the Marquis used in that book 
to illustrate his rule was to find the limit of the function

y −
s2a 3x 2 x 4 2 as3 aax 

a 2 s4 ax 3 

�as x approaches a, where a . 0. (At that time it was common 
to write aa instead of a 2.) Solve this problem.
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	 (b)	� Investigate graphically whether f  is differentiable at 0  
by zooming in several times toward the point s0, 1d on 
the graph of  f .

	 (c)	� Show that f  is not differentiable at 0. How can you 
reconcile this fact with the appearance of the graphs in 
part (b)?

	104.	� �Let

f sxd − H| x |x

1

if x ± 0

if x − 0

	 (a)	 Show that f  is continuous at 0.

;

writing Project

L’Hospital’s Rule was first published in 1696 in the Marquis de l’Hospital’s calculus textbook 
Analyse des Infiniment Petits, but the rule was discovered in 1694 by the Swiss mathematician 
John (Johann) Bernoulli. The explanation is that these two mathematicians had entered into 
a curious business arrangement whereby the Marquis de l’Hospital bought the rights to 
Bernoulli’s mathematical discoveries. The details, including a translation of l’Hospital’s letter 
to Bernoulli proposing the arrangement, can be found in the book by Eves [1].

Write a report on the historical and mathematical origins of l’Hospital’s Rule. Start by pro-
viding brief biographical details of both men (the dictionary edited by Gillispie [2] is a good 
source) and outline the business deal between them. Then give l’Hospital’s statement of his 
rule, which is found in Struik’s sourcebook [4] and more briefly in the book of Katz [3]. Notice 
that l’Hospital and Bernoulli formulated the rule geometrically and gave the answer in terms of 
differentials. Compare their statement with the version of l’Hospital’s Rule given in Section 6.8 
and show that the two statements are essentially the same.

1.	�� Howard Eves, In Mathematical Circles (Volume 2: Quadrants III and IV) (Boston: Prindle, 
Weber and Schmidt, 1969), pp. 20–22.

2.	�� C. C. Gillispie, ed., Dictionary of Scientific Biography (New York: Scribner’s, 1974). See 
the article on Johann Bernoulli by E. A. Fellmann and J. O. Fleckenstein in Volume II and 
the article on the Marquis de l’Hospital by Abraham Robinson in Volume VIII.

3.	�� Victor Katz, A History of Mathematics: An Introduction (New York: HarperCollins, 1993), 
p. 484.

4.	�� D. J. Struik, ed., A Sourcebook in Mathematics, 1200–1800 (Princeton, NJ: Princeton Uni­
versity Press, 1969), pp. 315–16.

www.stewartcalculus.com
The Internet is another source of 
information for this project. Click on 
History of Mathematics for a list of 
reliable websites.
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The origins of l’hospital’s rule

CONCEPT CHECK	 Answers to the Concept Check can be found on the back endpapers.

6	R eview

	 1.	� (a)	� What is a one-to-one function? How can you tell if a func­
tion is one-to-one by looking at its graph?

	 (b)	� If f  is a one-to-one function, how is its inverse function  
f 21 defined? How do you obtain the graph of f 21 from  
the graph of f ?

	 (c)	� If f  is a one-to-one function and f 9s f 21sadd ± 0, write a 
formula for s f 21d9sad.

	 2.	� (a)	�� What are the domain and range of the natural exponential 
function f sxd − e x?

	 (b)	� What are the domain and range of the natural logarithmic 
function tsxd − ln x?

	 (c)	� How are the functions f sxd − e x and tsxd − ln x related?
	 (d)	� How are the graphs of these functions related? Sketch these 

graphs by hand, using the same axes.
	 (e)	� If b is a positive number, b ± 1, write an equation that 

expresses logb x in terms of ln x.

	 3.	� (a)	� How is the inverse sine function f sxd − sin21x defined? 
What are its domain and range?
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504	 chapter  6    Inverse Functions

	 7.	� (a)	� Write a differential equation that expresses the law of  
natural growth.

	 (b)	� Under what circumstances is this an appropriate model for 
population growth?

	 (c)	 What are the solutions of this equation?

	 8.	� (a)	 What does l’Hospital’s Rule say?
	 (b)	� How can you use l’Hospital’s Rule if you have a product 

f sxd tsxd, where f sxd l 0 and tsxd l ` as x l a?
	 (c)	� How can you use l’Hospital’s Rule if you have a difference 

f sxd 2 tsxd, where f sxd l ` and tsxd l ` as x l a?
	 (d)	� How can you use l’Hospital’s Rule if you have a power 

f f sxdgtsxd where f sxd l 0 and tsxd l 0 as x l a?

	 9.	�� State whether each of the following limit forms is indetermi­
nate. Where possible, state the limit.

	 (a)	
0

0
	 (b)	

`

`
	 (c)	

0

`
	 (d)	

`

0

	 (e)	 ` 1 `	 (f )	 ` 2 `	 (g)	 ` � `	 (h)	 ` � 0

	 (i )	 00	 ( j )	 0`	 (k)	 `0	 ( l )	 1`

	 (b)	� How is the inverse cosine function f sxd − cos21x defined? 
What are its domain and range?

	 (c)	� How is the inverse tangent function f sxd − tan21x defined? 
What are its domain and range? Sketch its graph.

	 4.	� �Write the definitions of the hyperbolic functions sinh x, cosh x,  
and tanh x.

	 5.	�� State the derivative of each function.
	 (a)	 y − e x	 (b)	 y − b x	 (c)	 y − ln x
	 (d)	 y − logb x	 (e)	 y − sin21x	 (f)	 y − cos21x
	 (g)	 y − tan21x	 (h)	 y − sinh x	 (i)	 y − cosh x
	 ( j)	 y − tanh x	 (k)	 y − sinh21x	 (l)	 y − cosh21x
	 (m)	 y − tanh21x

	 6.	� (a)	 How is the number e defined?
	 (b)	 Express e as a limit.
	 (c)	� Why is the natural exponential function y − e x used more  

often in calculus than the other exponential functions 
y − b x?

	 (d)	� Why is the natural logarithmic function y − ln x used more 
often in calculus than the other logarithmic functions 
y − logb x?

true-false quiz

Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement.

	 1.	� If f  is one-to-one, with domain R, then f 21s f s6dd − 6.

	 2.	� �If f  is one-to-one and differentiable, with domain R, then 
s f 21d9s6d − 1yf 9s6d.

	 3.	� The function f sxd − cos x, 2�y2 < x < �y2, is one-to-one.

	 4.	 tan21s21d − 3�y4

	 5.	�� �If 0 , a , b, then ln a , ln b.

	 6.	� � s5 − e s5 ln �

	 7.	�� You can always divide by e x.

	 8.	� If a . 0 and b . 0, then lnsa 1 bd − ln a 1 ln b.

	 9.	� If x . 0, then sln xd6 − 6 ln x.

	10.	
d

dx
 s10 x d − x10 x21

	11.	
d

dx
 sln 10d −

1

10

	12.	� The inverse function of y − e 3x is y − 1
3 ln x.

	13.	 cos21x −
1

cos x

	14.	 tan21x −
sin21x

cos21x

	15.	� cosh x > 1 for all x

	16.	 ln 
1

10
− 2y10

1
 
dx

x

	17.	 y16

2
 
dx

x
− 3 ln 2

	18.	 lim
x l � 2

 
tan x

1 2 cos x
− lim

x l �2
 
sec2x

sin x
− `

	19.	� If lim
xl`

 f sxd − 1 and lim
xl`

 tsxd − `, then 

lim
xl`

 f f sxdg tsxd − 1
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EXERCISES

21–47 � Differentiate.

	21.	 f std − t 2 ln t	 22.	 tstd −
e t

1 1 e t

	23.	 hs�d − e tan 2�	 24.	 hsud − 10su

	25.	 y − ln | sec 5x 1 tan 5x |	 26.	 y − x cos21x

	27.	 y − x tan21s4xd	 28.	 y − emx cos nx

	29.	 y − lnssec2xd	 30.	 y − st lnst 4d 

	31.	 y −
e1yx

x 2 	 32.	 y − sarcsin 2xd2

	33.	 y − 3 x ln x	 34.	 y − e cos x 1 cosse x d

	35.	 Hsvd − v tan21v	 36.	 Fszd − log10s1 1 z2 d

	37.	 y − x sinhsx 2 d	 38.	 y − scos xdx

	39.	 y − ln sin x 2 1
2 sin2x	 40.	 y − arctansarcsin sx d

	41.	 y − lnS 1

xD 1
1

ln x
	 42.	 xe y − y 2 1

	43.	 y − lnscosh 3xd	 44.	 y −
sx 2 1 1d4

s2x 1 1d3s3x 2 1d5

	45.	 y − cosh21ssinh xd	 46.	 y − x tanh21sx 

	47.	 y − cos(estan 3x )

	48.	� Show that

d

dxS1
2 tan21x 1 1

4 ln 
sx 1 1d2

x 2 1 1 D −
1

s1 1 xds1 1 x 2d

49–52 � Find f 9 in terms of t9.

	49.	 f sxd − e tsxd	 50.	 f sxd − tse x d

	51.	 f sxd − ln | tsxd |	 52.	 f sxd − tsln xd

53–54 � Find f sndsxd.

	53.	 f sxd − 2x	 54.	 f sxd − lns2xd

	55.	�� Use mathematical induction to show that if f sxd − xe x,  
then f sndsxd − sx 1 nde x.

	56.	� Find y9 if y − x 1 arctan y.

57–58 � Find an equation of the tangent to the curve at the given 
point.

	57.	� y − s2 1 xde2x,    s0, 2d	 58.	 y − x ln x,    se, ed

	59.	� �At what point on the curve y − flnsx 1 4dg2 is the tangent  
horizontal?

	 1.	� The graph of f  is shown. Is f  one-to-one? Explain.

y

x0

	 2.	�� The graph of t is given.
	 (a)	 Why is t one-to-one?
	 (b)	 Estimate the value of t21s2d.
	 (c)	 Estimate the domain of t21.
	 (d)	 Sketch the graph of t21.

gy

x0 1

1

	 3.	� �Suppose f  is one-to-one, f s7d − 3, and f 9s7d − 8. Find  
(a)  f 21s3d and (b) s f 21d9s3d.

	 4.	� Find the inverse function of f sxd −
x 1 1

2x 1 1
.

5–9 � Sketch a rough graph of the function without using a  
calculator.

	 5.	 y − 5x 2 1	 6.	 y − 2e2x

	 7.	 y − 2ln x	 8.	 y − lnsx 1 1d

	 9.	 y − 2 arctan x

	10.	� �Let b . 1. For large values of x, which of the functions  
y − x b, y − b x, and y − logb x has the largest values and  
which has the smallest values?

11–12 � Find the exact value of each expression.

	11.	� (a)	 e 2 ln 3	 (b)	 log10 25 1 log10 4

	12.	� (a)	 ln e �	 (b)	 tansarcsin 12 d

13–20 � Solve the equation for x.

	13.	 ln x − 1
3	 14.	 e x − 1

3

	15.	 ee x

− 17	 16.	 lns1 1 e2x d − 3

	17.	 lnsx 1 1d 1 lnsx 2 1d − 1	 18.	 log 5sc xd − d

	19.	 tan21x − 1	 20.	 sin x − 0.3
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506	 chapter  6    Inverse Functions

	88.	� (a)	� Show that there is exactly one root of the equation 
ln x − 3 2 x and that it lies between 2 and e.

	 (b)	� Find the root of the equation in part (a) correct to four 
decimal places.

	89.	� �A bacteria culture contains 200 cells initially and grows at a 
rate proportional to its size. After half an hour the population 
has increased to 360 cells.

	 (a)	� Find the number of bacteria after t hours.
	 (b)	� Find the number of bacteria after 4 hours.
	 (c)	 Find the rate of growth after 4 hours.
	 (d)	 When will the population reach 10,000?

	90.	� �Cobalt-60 has a half-life of 5.24 years.
	 (a)	� Find the mass that remains from a 100-mg sample after  

20 years.
	 (b)	� How long would it take for the mass to decay to 1 mg?

	91.	�� The biologist G. F. Gause conducted an experiment in the 
1930s with the protozoan Paramecium and used the population 
function

Pstd −
64

1 1 31e20.7944 t

		��  to model his data, where t was measured in days. Use this 
model to determine when the population was increasing most 
rapidly.

92–105 � Evaluate the integral.

	 92.	 y4

0
 

1

16 1 t 2  dt

	 93.	 y1

0
 ye22y2

 dy	 94.	 y5

2
 

dr

1 1 2r

	 95.	 y1

0
 

e x

1 1 e 2x  dx	 96.	 y�y2

0
 

cos x

1 1 sin2x
 dx

	 97.	 y 
e sx 

sx 
 dx	 98.	 y 

sinsln xd
x

 dx 

	 99.	 y 
x 1 1

x 2 1 2x
 dx	 100.	 y 

csc2 x

1 1 cot x
 dx

	101.	 y tan x lnscos xd dx	 102.	 y 
x

s1 2 x 4 
 dx

	103.	 y 2tan � sec2 � d�	 104.	 y sinh au du

	105.	 y S 1 2 x

x D2

dx

106–108 � Use properties of integrals to prove the inequality.

	106.	 y1

0
 s1 1 e 2x  dx > e 2 1

	107.	 y1

0
 e x cos x dx < e 2 1	 108.	 y1

0
 x sin21x dx < �y4

	60.	� �If f sxd − xesin x, find f 9sxd. Graph f  and f 9 on the same 
screen and comment.

	61.	� (a)	� Find an equation of the tangent to the curve y − e x that 
is parallel to the line x 2 4y − 1.

	 (b)	� Find an equation of the tangent to the curve y − e x that 
passes through the origin.

	62.	� �The function Cstd − Kse2at 2 e2bt d, where a, b, and K are 
positive constants and b . a, is used to model the concen­
tration at time t of a drug injected into the bloodstream.

	 (a)	 Show that lim t l ` Cstd − 0.
	 (b)	� Find C9std, the rate of change of drug concentration in 

the blood.
	 (c)	 When is this rate equal to 0?

63–78 � Evaluate the limit.

	63.	 lim
x l

 

`
 e23x	 64.	 lim

xl102
 lns100 2 x 2 d

	65.	 lim
x l 32

 e2ysx23d	 66.	 lim 
x l `

 arctansx 3 2 xd

	67.	 lim
x l 01

 lnssinh xd	 68.	 lim
x l `

 e2x sin x

	69.	 lim 
x l `

 
1 1 2x

1 2 2x 	 70.	 lim 
x l `

 S1 1
4

xDx

	71.	 lim
x l 0

 
e x 2 1

tan x
	 72.	 lim

x l 0
 
1 2 cos x

x 2 1 x

	73.	 lim
xl 0

 
e2x 2 e22x

lnsx 1 1d
	 74.	 lim

xl `
 
e2x 2 e22x

lnsx 1 1d

	75.	 lim
x l 2`

 sx 2 2 x 3de 2x	 76.	 lim
x l 01

 x2 ln x

	77.	 lim
x l 11

 S x

x 2 1
2

1

ln xD	 78.	 lim
x l

 

s�y2d 2
stan xdcos x

79–84 � Sketch the curve using the guidelines of Section 3.5.

	79.	� y − e x sin x,  2� < x < �	 80.	 y − sin21s1yxd

	81.	� y − x ln x	 82.	 y − e 2x2x 2

	83.	 y − sx 2 2de2x	 84.	 y − x 1 lnsx 2 1 1d

	85.	�� Investigate the family of curves given by f sxd − xe2cx,  
where c is a real number. Start by computing the limits as 
x l 6`. Identify any transitional values of c where the 
basic shape changes. What happens to the maximum or 
minimum points and inflection points as c changes? Illus­
trate by graphing several members of the family.

	86.	�� Investigate the family of functions f sxd − cxe2cx 2
.  

What happens to the maximum and minimum points and 
the inflection points as c changes? Illustrate your conclu­
sions by graphing several members of the family.

	87.	�� An equation of motion of the form s − Ae2ct coss�t 1 �d 
represents damped oscillation of an object. Find the velocity 
and acceleration of the object.

;

;
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	119.	� �If Fsxd − yb
a  t x dt, where a, b . 0, then, by the Fundamental 

Theorem,

 Fsxd −
b x11 2 a x11

x 1 1
        x ± 21

 Fs21d − ln b 2 ln a

		�  Use l’Hospital’s Rule to show that F is continuous at 21.

	120.	� Show that

cos harctanfsinsarccot xdgj − Î x 2 1 1

x 2 1 2
 

	121.	� If f  is a continuous function such that

y x

0
 f std dt − xe 2x 1 y x

0
 e2t f std dt

		�  for all x, find an explicit formula for f sxd.

	122.	�� The figure shows two regions in the first quadrant: Astd is the 
area under the curve y − sinsx 2 d from 0 to t, and Bstd is the 
area of the triangle with vertices O, P, and st, 0d. Find 
lim

t l
 

01
 fAstdyBstdg.

O

y

xt

y=sin{≈}

A(t)

P{ t, sin( t @ )}

O

y

xt

B(t)

P{ t, sin( t @ )}

109–110 � Find f 9sxd.

	109.	 f sxd − ysx

1
 
e s

s
 ds	 110.	 f sxd − y2x

ln x
 e 2t 2

dt

	111.	� �Find the average value of the function f sxd − 1yx on the  
interval f1, 4g. 

	112.	� �Find the area of the region bounded by the curves 
y − e x, y − e2x, x − 22, and x − 1. 

	113.	�� Find the volume of the solid obtained by rotating about the  
y-axis the region under the curve y − 1ys1 1 x 4 d from x − 0 
to x − 1.

	114.	� If f sxd − x 1 x 2 1 e x, find s f 21d9s1d. 

	115.	�� If f sxd − ln x 1 tan21x, find s f 21d9s�y4d. 

	116.	�� What is the area of the largest rectangle in the first quadrant 
with two sides on the axes and one vertex on the curve 
y − e2x?

	117.	� �What is the area of the largest triangle in the first quadrant 
with two sides on the axes and the third side tangent to the 
curve y − e2x?

	118.	� �Evaluate y1
0 e

x dx without using the Fundamental Theorem  
of Calculus.  [Hint: Use the definition of a definite integral 
with right endpoints, sum a geometric series, and then use  
l’Hospital’s Rule.]
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Problems Plus EXAMpLe� � For what values of c does the equation ln x − cx 2 have exactly one  
solution?

SOLUTION  One of the most important principles of problem solving is to draw a dia- 
gram, even if the problem as stated doesn’t explicitly mention a geometric situation. 
Our present problem can be reformulated geometrically as follows: for what values of c 
does the curve y − ln x intersect the curve y − cx 2 in exactly one point?

Let’s start by graphing y − ln x and y − cx 2 for various values of c. We know that, 
for c ± 0, y − cx 2 is a parabola that opens upward if c . 0 and downward if c , 0. 
Figure 1 shows the parabolas y − cx 2 for several positive values of c. Most of them 
don’t intersect y − ln x at all and one intersects twice. We have the feeling that there 
must be a value of c (somewhere between 0.1 and 0.3) for which the curves intersect 
exactly once, as in Figure 2.

0

3≈ ≈
0.3≈

0.1≈

≈1
2

x

y

y=ln x

          

y=c≈
c=?

y

x0 a

y=ln x

FIGURE 1 FIGURE 2

To find that particular value of c, we let a be the x-coordinate of the single point of 
intersection. In other words, ln a − ca 2, so a is the unique solution of the given equa-
tion. We see from Figure 2 that the curves just touch, so they have a common tangent 
line when x − a. That means the curves y − ln x and y − cx 2 have the same slope 
when x − a. Therefore

1

a
− 2ca

Solving the equations ln a − ca 2 and 1ya − 2ca, we get

ln a − ca 2 − c �
1

2c
−

1

2

Thus a − e 1y2 and

c −
ln a

a 2 −
ln e 1y2

e
−

1

2e

For negative values of c we have the situation illustrated in Figure 3: all parabolas 
y − cx 2 with negative values of c intersect y − ln x exactly once. And let’s not forget 

Cover up the solution to the example 
and try it yourself.
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about c − 0: the curve y − 0x 2 − 0 is just the x-axis, which intersects y − ln x exactly 
once.

y

x
0

y=ln x

To summarize, the required values of c are c − 1ys2ed and c < 0.	 ■

	 1.	� ���If a rectangle has its base on the x-axis and two vertices on the curve y − e2x 2
, show 

that the rectangle has the largest possible area when the two vertices are at the points of 
inflection of the curve.

	 2.	� Prove that log2 5 is an irrational number.

	 3.	� �Does the function f sxd − e10 | x22 |2x 2
 have an absolute maximum? If so, find it. What about 

an absolute minimum?

	 4.	�� If y4
0 e

sx22d4
 dx − k, find the value of y4

0 xesx22d4
 dx.

	 5.	�� Show that

d n

dx n  se ax sin bxd − r ne ax sinsbx 1 n�d

		�  where a and b are positive numbers, r 2 − a 2 1 b 2, and � − tan21sbyad.

	 6.	� Show that sin21stanh xd − tan21ssinh xd.

	 7.	�� Show that, for x . 0,
x

1 1 x 2 , tan21x , x

	 8.	�� Suppose f  is continuous, f s0d − 0, f s1d − 1, f 9sxd . 0, and y1
0 f sxd dx − 1

3. Find the value  
of the integral y1

0 f
21syd dy.

	 9.	� Show that f sxd − yx
1  s1 1 t 3 dt is one-to-one and find s f 21d9s0d.

	 10.	� If

y −
x

sa 2 2 1
2

2

sa 2 2 1
 arctan 

sin x

a 1 sa 2 2 1 1 cos x

		�  show that y9 −
1

a 1 cos x
.

	 11.	� For what value of a is the following equation true?

lim
x l `

 S x 1 a

x 2 aDx

− e

FIGURE 3

Problems
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	 12.	� �Evaluate

lim
x l `

 
sx 1 2d1yx 2 x 1yx

sx 1 3d1yx 2 x1yx

	 13.	�� Evaluate lim
x l 0

 
1

x
 yx

0
 s1 2 tan 2td1y t dt. 

		�  [Assume that the integrand is defined and continuous at t − 0; see Exercise 4.3.64.]

	 14.	� Sketch the set of all points sx, yd such that | x 1 y | < e x.

	 15.	� Prove that coshssinh xd , sinhscosh xd for all x.

	 16.	�� Show that, for all positive values of x and y,

e x1y

xy
> e 2

	 17.	�� For what value of k does the equation e2x − ksx   have exactly one solution?

	 18.	� For which positive numbers a is it true that a x > 1 1 x for all x?

	 19.	� For which positive numbers a does the curve y − a x intersect the line y − x?

	 20.	� �For what values of c does the curve y − cx 3 1 e x have inflection points?
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